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Mèdodoi ektÐmhshc

Ja melet soume dÔo mejìdouc eÔreshc ektithmht¸n apì èna

t.d., pou onom�zontai

1. Mèjodoc twn rop¸n.

2. Mèjodoc mègisthc pijanof�neiac.
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Mèjodoc twn rop¸n

DiadikasÐa mejìdou: 'Estw èna t.d. X1,X2, . . . ,Xn apì mÐa

katanom  me ask F (x ; θ1, θ2, . . . , θk) kai ìti jèloume na
ektim soume tic k paramètrouc θ1, θ2, . . . , θk) (apì to t.d.).

Exis¸noume tic k-pr¸tec deigmatikèc ropèc

mk =
1

n

n∑
i=1

X k
i =

X k
1 + X k

2 + . . .+ X k
n

n

me tic ropèc tou plhjusmoÔ µk = E (X k), ìpou X ∼ F . Me ton

trìpo autì kataskeu�zoume èna sÔsthma k exis¸sewn me k
agn¸stouc θ1, θ2, . . . , θk to opoÐo lÔnoume.
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To k × k sÔsthma eÐnai

1

n

n∑
i=1

Xi = E (X )

1

n

n∑
i=1

X 2
i = E (X 2)

1

n

n∑
i=1

X 3
i = E (X 3)

...

1

n

n∑
i=1

X k
i = E (X k).
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Prìtash

H deigmatik  rop  mk eÐnai sunep c ektimht c thc

plhjusmiak c rop c µk .

Apìdeixh
Pr�gmati

E (mk) = E

(
1

n

n∑
i=1

X k
i

)
=

1

n

n∑
i=1

E (X k
i ) =

1

n
nµk = µk .

kai

Var

(
1

n

n∑
i=1

X k
i

)
=

1

n2

n∑
i=1

Var(X k
i ) =

1

n2
nVar(X k

i )

=
Var(X k

i )

n
→ 0, kaj¸c n→∞.
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Mèjodoc megisthc pijanof�neiac

DiadikasÐa mejìdou gia mÐa par�metro θ: 'Estw èna t.d.

X1,X2, . . . ,Xn apì mÐa katanom  me sun�rthsh puknìthtac

pijanìthtac (spp) f (x ; θ) kai ìti jèloume na ektim soume to θ
(apì to t.d.).

B ma 1: BrÐskoume thn apì koinoÔ spp twn X1,X2, . . . ,Xn wc

sun�rthsh tou θ:

L(θ) := L(θ |X1,X2, . . . ,Xn) = fX1,X2,...,Xn(x1, x2, . . . , xn; θ) =
n∏

i=1

fXi
(xi ; θ).

H sun�rthsh L(θ) onom�zetai sun�rthsh pijanof�neiac.
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B ma 2: BrÐskoume th sun�rthsh ln L(θ).

B ma 3: BrÐskoume thn tim  tou θ gia thn opoÐa

megistopoieÐtai h ln L(θ), sumbolÐzoume me θ̂ (gia thn Ðdia tim 

tou θ megistopoieÐtai to L(θ)),

d

dθ
(ln L(θ)) = 0, kai

d2

dθ2
(ln L(θ̂)) < 0.

B ma 4: H tim  tou θ pou brÐskoume sto B ma 3 onom�zetai

ektimht c mègisthc pijanof�neiac (e.m.p.) kai sumb. me θ̂.
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Me parìmoio trìpo douleÔoume ìtan jèloume na ektim soume

perissìterec apì mÐa paramètrouc. Sugkekrimèna to B ma 3

gÐnetai

∂

∂θ1

(
ln L(θ1, θ2, . . . , θk)

)
= 0

∂

∂θ2

(
ln L(θ1, θ2, . . . , θk)

)
= 0

...
∂

∂θk

(
ln L(θ1, θ2, . . . , θk)

)
= 0,

apì to opoÐo dhmiourgeÐtai èna k × k sÔsthma wc proc

θ1, θ2, . . . , θk , to opoÐo se pollèc peript¸seic den lÔnetai me

analutikì trìpo. Gia to lìgo autì qrhsimopoioÔme sun jwc

arijmhtikèc mejìdouc. Akìma prèpei

∂2

∂θj
2
(ln L(θ̂1, θ̂2, . . . , θ̂k)) < 0, j = 1, 2, . . . , k.
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Diast mata empistosÔnhc

Mèqri t¸ra melet same shmeiakoÔc ektimhtèc pq X , S2 ktl.

Sthn sunèqeia, dojèntoc enìc t.d. ja kataskeu�soume

diast mata gia thn par�metro θ pou jèloume na ektim soume

thc morf c

L ≤ θ ≤ U

me bajmì empistosÔnhc 100(1− α)% (α = 10   5   2.5 %). Autì

shmaÐnei ìti

Pr(L ≤ θ ≤ U) = 1− α
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Par�deigma: 'Estw ìti èqoume ta parak�tw dedomèna

7, 6, 0, 8,−9,−4, 0, 1,−9, 1, 2, 7, 0, 6,−6,−5,−1, 6,−2, 4

ta opoÐa proèrqontai apì thn Kanonik (µ, 25). Na
kataskeuasteÐ èna 95% di�sthma empistosÔnhc thc mèshc

tim c µ.

Genik� èqoume dei ènac polÔ kalìc ektimht c gia to µ èÐnai o

deigmatikìc mèsoc X . Akìma, gnwrÐzoume ìti X ∼ N(µ, σ2/n),
�ra

Z =
X − µ
σ/
√
n
∼ N(0, 1).

Tìte

Pr

(
− zα/2 ≤

X − µ
σ/
√
n
≤ zα/2

)
= 1− α
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Pr

(
− zα/2

σ√
n
≤ X − µ ≤ zα/2

σ√
n

)
= 1− α

 

Pr

(
X − zα/2

σ√
n
≤ µ ≤ X + zα/2

σ√
n

)
= 1− α.

Sto paradeigm� mac eÐnai

X =
1

20
[7 + 6 + 0 + 8 + (−9) + (−4) + 0 + 1 + (−9) + 1 + 2 + 7

+0 + 6 + (−6) + (−5) + (−1) + 6 + (−2) + 4] = 0.6

z0.025 = 1.96, σ = 5, n = 20.

Ta ìria empistosÔnhc eÐnai

L = X − zα/2
σ√
n
= 0.6− 1.96

5√
20

= −1.59

kai

U = X + zα/2
σ√
n
= 0.6 + 1.96

5√
20

= 2.79

To zhtoÔmeno di�sthma empistosÔnhc eÐna [−1.59 , 2.79]
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Diast mata empistosÔnhc gia to mèso µ thc kanonik c
katanom c ìtan h diaspor� σ2 eÐnai gnwst 

Sthn prohgoÔmenh par�grafo kataskeu�same èna d.e. gia th

mèsh tim  µ miac kanonik c katanom c ìtan h diaspor� eÐnai

gnwst . Sugkekrimèna deÐxame ìti

Pr

(
X − zα/2

σ√
n
≤ µ ≤ X + zα/2

σ√
n

)
= 1− α

dhlad  èna (1− α)% d.e. thc mèshc tim c µ eÐnai[
X − zα/2

σ√
n
, X + zα/2

σ√
n

]
.

JumÐzoume ìti o deigmatikìc mèsoc X apoteleÐ ènan polÔ
kalì ektimht  gia to mèso µ (blèpe mejodo rop¸n kai
e.m.p.)
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Diast mata empistosÔnhc gia to mèso µ thc kanonik c
katanom c ìtan h diaspor� σ2 eÐnai �gnwsth

Sth sunèqeia, kataskeu�zoume èna d.e. gia to µ thc kanonik c

katanom c ìtan to σ2 eÐnai �gnwsto. Sthn perÐptwsh aut 

qrhsimopoioÔme to epìmeno je¸rhma.

Je¸rhma

'Estw X1,X2, . . . ,Xn èna t.d. deÐgma megèjouc n apì ènan

kanonikì plhjusmì N(µ, σ2). Tìte

X − µ
S/
√
n
∼ tn−1

ìpou tn−1 h katanom  t (student) me n − 1 bajmoÔc eleujerÐac.

JumÐzoume akìma ìti h deigmatik  diaspor� S2 dÐnetai apì thn

sqèsh

S2 =
1

n − 1

n∑
i=1

(Xi − X )2.
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Sunep¸c, gia na kataskeu�soume èna (1− α)% d.e.

ergazìmaste wc ex c

Pr

(
− tα/2,n−1 ≤

X − µ
S/
√
n
≤ tα/2,n−1

)
= 1− α

kai lÔnontac wc proc µ prokÔptei ìti

Pr

(
X − tα/2,n−1

S√
n
≤ µ ≤ X + tα/2,n−1

S√
n

)
= 1− α

dhlad  èna èna (1− α)% d.e. thc mèshc tim c µ eÐnai[
X − tα/2,n−1

S√
n
, X + tα/2,n−1

S√
n

]
.
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Shmantik  Parat rhsh: An to deÐgma eÐnai arket� meg�lo

(n > 30) to d.e.[
X − tα/2,n−1

S√
n
, X + tα/2,n−1

S√
n

]
.

proseggÐzetai (autì ofeÐletai sto Kentrikì Oriakì Je¸rhma)

me to [
X − zα/2

S√
n
, X + zα/2

S√
n

]
.

Epiplèon, gia meg�lo n (p�li lìgw KOJ) to teleutaÐo d.e.

mporoÔme na to qrhsimopoi soume kai gia mh kanonikoÔc
plhjusmoÔc.
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Par�deigma: 'Estw ìti èqoume ta parak�tw dedomèna

73, 81, 84, 77, 71, 75, 71, 76, 63, 69, 85, 77, 71, 81, 71, 76, 79, 68, 72, 71

ta opoÐa proèrqontai apì thn Kanonik (µ, σ2). Na
kataskeuasteÐ èna 95% di�sthma empistosÔnhc thc mèshc

tim c µ, ìtan h diaspor� eÐnai (i) σ2 = 25, (ii) �gnwsth.

(i) To zhtoÔmeno d.e. gia to mèso eÐnai[
X−zα/2

σ√
n
, X+zα/2

σ√
n

]
=

[
X−z0.025

5√
20
, X+z0.025

5√
20

]
,

ìpou

X =
1

n

n∑
i=1

Xi =
1

20
(73 + 81 + . . .+ 72 + 71) = 74.55

kai apì touc statistikoÔc pÐnakec z0.025 = 1.96. To d.e. eÐnai[
74.55− 1.96

5√
20
, 74.55 + 1.96

5√
20

]
= [72.36 , 76.74].
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(ii) To zhtoÔmeno d.e. gia to mèso eÐnai[
X − t0.025,19

S√
20
, X + t0.025,19

S√
20

]
,

ìpou X = 74.55 kai

S2 =
1

n − 1

n∑
i=1

(Xi − X )2

=
1

19

[
(73− 74.55)2 + (81− 74.55)2 + . . .

+(72− 74.55)2 + (71− 74.55)2
]
= 31.42.

Apì touc statistikoÔc pÐnakec brÐskoume t0.025,19 = 2.093.
Epomènwc, to d.e. eÐnai[
74.55− 2.093

√
31.42√
20

, 74.55 + 2.093

√
31.42√
20

]
= [71.92 , 77.17]
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Par�deigma 1: Mh kanonikìc plhjusmìc (meg�lo deÐgma)

To pl joc twn zhmi¸n pou èqei mÐa asfalistik  etaireÐa an�

ebdom�da akoloujeÐ thn Poisson me par�metro λ. Met� apì 40
ebdom�dec parathr jhkan ta parak�tw dedomèna (zhmièc an�

ebdom�da)

3, 8, 6, 7, 4, 5, 6, 6, 1, 3, 9, 4, 1, 1, 5, 7, 8, 8, 7, 6, 3, 3, 9, 4, 5, 6, 7,

6, 8, 3, 10, 5, 6, 6, 7, 5, 4, 9, 1, 5, 6, 2, 6

Na breÐte èna (proseggistikì) 95% d.e. gia to λ.

Gia thn katanom  Poisson eÐnai µ = σ2 = λ.
Akìma

X =
1

n

n∑
i=1

Xi =
1

40
(3 + 8 + . . .+ 6) =

231

40
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To d.e. (afoÔ n > 30) eÐnai[
X − zα/2

σ̂√
n
, X + zα/2

S√
n

]
  [

X − zα/2

√
X√
n
, X + zα/2

√
X√
n

]
  [

231

40
− 1.96

√
231/40√
40

,
231

40
+ 1.96

√
231/40√
40

]
= [5.84 , 7.16].
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Par�deigma 2: Mh kanonikìc plhjusmìc (meg�lo deÐgma)

Apì touc 112 yhfofìrouc miac perioq c oi 49 eÐnai upèr tou

upoyhfÐou A. Na kataskeuasteÐ èna d.e. 95% gia to posostì

twn yhfofìrwn tou A.
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Summetrikì diast ma empistosÔnhc gia th diaspor� σ2

enìc kanonikoÔ plhjusmoÔ

An èqoume èna t.d. X1,X2, . . . ,Xn tìte gnwrÐzoume ìti

1

σ2

n∑
i=1

(Xi − X )2 =
(n − 1)S2

σ2
∼ χ2

n−1

Tìte èna (1− α)% summetrikì d.e. gia th diaspor� σ2 eÐnai

Pr

(
χ2
1−α/2,n−1 ≤

(n − 1)S2

σ2
≤ χ2

α/2,n−1

)
= 1− α.

LÔnontac wc proc to σ2 èqoume

Pr

(
(n − 1)S2

χ2
α/2,n−1

≤ σ2 ≤ (n − 1)S2

χ2
1−α/2,n−1

)
= 1− α.
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Epomènwc to zhtoÔmeno d.e. eÐnai[
(n − 1)S2

χ2
α/2,n−1

,
(n − 1)S2

χ2
1−α/2,n−1

]
=

[∑n
i=1(Xi − X )2

χ2
α/2,n−1

,

∑n
i=1(Xi − X )2

χ2
1−α/2,n−1

]
.

Parat rhsh: Sthn perÐptwsh pou gnwrÐzoume th mèsh tim 

tou plhjusmoÔ µ, tìte stic pr�xeic mac qrhsimopoioÔme to µ
antÐ tou X . Sthn perÐptwsh aut  apodeiknÔtai ìti

1

σ2

n∑
i=1

(Xi − µ)2 ∼ χ2
n,

opìte to d.e. gia th diaspor� gÐnetai[∑n
i=1(Xi − µ)2

χ2
α/2,n

,

∑n
i=1(Xi − µ)2

χ2
1−α/2,n

]
.
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Summetrikì diast ma empistosÔnhc gia th diafor� twn
mèswn µ1 kai µ2 dÔo kanonik¸n plhjusm¸n, ìtan σ2

1 σ2
2

eÐnai gnwstèc

'Estw X1,X2, . . . ,Xn1 kai Y1,Y2, . . . ,Yn2 dÔo t.d. apì touc

kanonikoÔc plhjusmoÔc N(µ1, σ
2
1) kai N(µ2, σ

2
2). Tìte

X ∼ N(µ1,
σ21
n1

) kai Y ∼ N(µ2,
σ22
n2

)

kai oi t.m. X , Y eÐnai metaxÔ touc anex�rthtec diìti

proèrqontai apì anex�rthta deÐgmata. Epiplèon, mÐa shmeiak 

ektÐmhsh gia to µ1 − µ2 eÐnai (h t.m.) X − Y me

X − Y ∼ N(E (X − Y ),Var(X − Y )),
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ìpou

E (X − Y ) = E (X )− E (Y ) = µ1 − µ2
kai

Var(X − Y ) = Var [X + (−Y )]

= Var(X ) + Var(−Y )

= Var(X ) + (−1)2Var(Y ))

= Var(X ) + Var(Y ) =
σ21
n1

+
σ22
n2
,

ìpou sth deÔterh isìthta qrhsimopoi same thn anexarthsÐa

metaxÔ twn X kai Y .
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Epomènwc,

X − Y ∼ N(µ1 − µ2,
σ21
n1

+
σ22
n2

),

kai èna (1− α)% d.e. gia th diafor� µ1 − µ2 (ìtan σ21 kai σ22
eÐnai gnwst�) eÐnai

[
X − Y − za/2

√
σ21
n1

+
σ22
n2
, X − Y + za/2

√
σ21
n1

+
σ22
n2

]
.
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Par�deigma: 'Ena t.d. 15 parathr sewn apì ènan plhjusmì

N(µ1, 60) èdwse X = 70.1, kai èna �llo anex�rthto apì to

pr¸to me 8 parathr seic apì N(µ2, 40) èdwse Y=75.3. Na

breÐte èna d.e. 90% gia th diafor� µ1 − µ2.

LÔsh: To zhtoÔmeno d.e. me za/2 = z0.05 = 1.645 eÐnai

[
X − Y − za/2

√
σ21
n1

+
σ22
n2
, X − Y + za/2

√
σ21
n1

+
σ22
n2

]
.

  [
70.1− 75.3− 1.645

√
60

15
+

40

8
, 70.1− 75.3 + 1.645

√
60

15
+

40

8

]
= [−10.135 , −0.265].
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Summetrikì diast ma empistosÔnhc gia th diafor� twn
mèswn µ1 kai µ2 dÔo kanonik¸n plhjusm¸n, ìtan
σ2
1 = σ2

2 = σ2 �gnwsto

'Estw X1,X2, . . . ,Xn1 kai Y1,Y2, . . . ,Yn2 dÔo t.d. apì touc

kanonikoÔc plhjusmoÔc N(µ1, σ
2) kai N(µ2, σ

2). Tìte to d.e.

gia th diador� µ1 − µ2 eÐnai[
X−Y−tα/2,n1+n2−2 S

√
1

n1
+

1

n2
, X−Y+tα/2,n1+n2−2 S

√
1

n1
+

1

n2

]
,

ìpou

S2 =
(n1 − 1)S2

1 + (n2 − 1)S2
2

n1 + n2 − 2

h isostajmismènh deigmatik  diaspor� twn deigmatik¸n

diaspor¸n S2
1 , S

2
2 sta dÔo t.d.

G. Yarr�koc Panepist mio Peirai¸c Tm ma Oikonomik c Epist mhc Statistik  IIKef�laio 3: Mèjodoi ektÐmhshc kai diast mata empistosÔnhc



Apìdeixh, perilhptik�: GnwrÐzoume ìti

(n1 − 1)S2
1

σ2
∼ χ2

n1−1 kai
(n2 − 1)S2

2

σ2
∼ χ2

n2−1.

'Ara
X−Y−(µ1−µ2)√

σ2

n1
+σ2

n2√
(n1−1)S2

1+(n2−1)S2
2

σ2(n1+n2−2)

∼ N(0, 1)√
χ2
n1+n2−2

= tn1+n2−2

kai qrhsimopoioÔme th statistik  sun�rthsh

T =

X−Y−(µ1−µ2)√
1
n1

+ 1
n2√

(n1−1)S2
1+(n2−1)S2

2
n1+n2−2

∼ tn1+n2−2

kai epijumoÔme

Pr(−tα/2,n1+n2−2 ≤ T ≤ tα/2,n1+n2−2) = 1−α (LÔnoume wc proc µ1 − µ2).
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Par�deigma Na brejeÐ èna 90% d.e. gia th diafor� twn

mèswn epidìsewn sto m�jhma A metaxÔ dÔo diadoqik¸n et¸n,

e�n h epÐdosh akoloujeÐ kanonik  katanom  N(µ1, σ
2) (gia to

pr¸to ètoc) kai N(µ2, σ
2) (gia to deÔtero ètoc), kai diajètoume

ta parak�tw dÔo t.d. deÐgmata (èna gia k�je ètoc)

pr¸to ètoc 4, 6, 8, 2 kai deÔtero ètoc 3, 6, 7

LÔsh Oi deigmatikoÐ mèsoi eÐnai

X =
4 + 6 + 8 + 2

4
= 5 kai Y =

3 + 6 + 7

3
= 5.33

Oi deigmatkèc diasporèc eÐnai

S2
1 =

1

4− 1
[(4−5)2+(6−5)2+(8−5)2+(2−5)2] = 1

3
(1+1+9+9) =

20

3

S2
2 =

1

3− 1
[(3− 5.33)2 + (6− 5.33)2 + (7− 5.33)2] =

8.67

2
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H isostajmismènh deigmatik  diaspor� (kai apì ta dÔo

deÐgmata) eÐnai

S2 =
(n1 − 1)S2

1 + (n2 − 1)S2
2

n1 + n2 − 2
=

20 + 8.67

5
= 5.734

To 90% d.e. gia th diafor� µ1 − µ2 eÐnai[
X−Y−tα/2,n1+n2−2 S

√
1

n1
+

1

n2
, X−Y+tα/2,n1+n2−2 S

√
1

n1
+

1

n2

]
,

 [
5−5.33− t0.05,5 2.395

√
1

4
+

1

3
, 5−5.33+ t0.05,5 2.395

√
1

4
+

1

3

]
,

Apì touc statistikìuc pÐnakec eÐnai t0.05,5 = 2.015.
Antikajist¸ntac thn tim  aut  sthn teleutaÐa sqèsh prokÔptei

ìti

[−4.01586 , 3.35586].
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