Supplementary material to the paper

Exact prediction intervals for order statistics
from the Laplace distribution based on the MLESs

G. liopoulos S. M. T. K. MirMostafaee

Below we explicitly derive the conditional distributions of the pivotal quantities which in
the paper are presented in Tables 1, 2 and 3. Moreover, we provide the proofs of the

results stated in paper’s Appendix, namely, Propositions 3,4,5 and 6.

3 The exact distributions of Ty (n,r, s, k) and Ty(n,r, s, k)

3.1 The exact distribution of Ty (n,r, s, k)

Case max(r,s) < m

Consider first the case max(r,s) < m. As in Iliopoulos and Balakrishnan (2011), it is
convenient to write 77/(n — r — s) in different forms, depending on which value d of D
we condition on. In order not to increase the paper’s length considerably, we derive the
conditional distribution of T} given D = d explicitly only for a particular range of d’s. For

the remaining cases we give just the result without many details.
r <d<m—1: Conditional on D = d we have
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(by making the convention Zi:k =0 when k > /)
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(where Ry, ..., Ry_gq,L1,...,Lq Ly E(1); see Section 3.1 of the paper)
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(where Ryt = Rit — Ri—1.5, Lisk = Lisy — Li_1.1; see Section 3.1 of the paper)
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(by using the properties of normalized spacings of exponential order statistics).

It can be verified that the last fraction has cdf Fy(y;m,0,a), see Proposition 3(a), with
p=k,g=m—-dn=(s—k+1,...,5),0=((n—-d)/d,...,(n—m+1)/(m —1)), and
a=n—m-—s—r+d.
0 < d < r: In this case the conditional distribution of 71 /(n — r — s), given D = d, is the
same as that of
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By normalizing the spacings R accordingly, we conclude that this fraction has also cdf
Fi(y;m,0,a), withp=Fk, g=m—-r—-1,n=(s—k+1,...,s),0 =((n—r—1)/(r +
1),...,(n—=m+1)/(m—1)),and a =n—m — s.

d =m # n — s: Here the conditional distribution of T7/(n — r — s), given D = d, is the
same as that of
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The distribution of this fraction depends on whether n = 2m — 1 or n = 2m. In the first

case it has cdf Fi(y;m,0,a) withp=Fk, ¢q=1,n=(s—k+1,...,s), 8 = (m/(m — 1)),

and a = n — s —r — 1, while in the second it has cdf Fi(y;m,0 = &,a), see Proposition

3(c), with p,  as before and a =n — s —r.

m + 1 <d < n — s: In this case the conditional distribution of 71 /(n—r—s), given D = d,

is the same as that of
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The cdf of this fraction is again Fy (y;n,0,a) withp =k, ¢ = d—[n/2],n = (s—k+1,...,s),
0= (d/(n—d),...,(n—m+1)/(m—1)),anda=2n—m—r —s—d.

n—s<d<n-—s+k: Conditional on D = d for d > n — s the numerator of the fraction

takes a different form because this implies that all observed data are smaller than zero
(the median). The conditional distribution of 77 /(n —r — s), given D = d, is the same as
that of

Ld—n+s+1 d+ Rn s—d+k:n—d

d—m
_sLdfnJrerl:d - Zi:dfnJrerl id T Zz d—[n/2)+1 Li:d + rLdfr:d




Sdonbstlfo oy nosdik
ST o —d i = D Lia+ ST (@ =i+ DEia
This has cdf Fy (y;n,0,a) withp = k+1, ¢ =m—s—1,n= (s—k+1,...,n—d,n—s,...,d),
0=((n—s—-1)/(s+1),...,(n—m+1)/(m—1)), and a = n—m —r. It is worth noting

here that the 7;’s are distinct since s < m — 1 < n/2 which implies s —k+1 <n —s.

n — s+ k < d < n: Finally, in this case the conditional distribution of T} /(n—r —s), given

D = d, is the same as that of
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whose distribution is again Fi(y;n,0,a) withp=k, g=m—-s—-1,n=(n—s,...,n —
s+k—1),0=((n—s—-1)/(s+1),....,(n—m+1)/(m—1)),anda=n—m —r.

Case s >m

0 < d < r: In this case the conditional distribution of T} /(n — r — s), given D = d, is the

same as that of
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This has cdf Fy(y;n,60,a = 0) given in Proposition 3(b), with p =k, g=n—r —s—1,
n=6s—-k+1,...;8),and @ =((n—r—1)/(r+1),...,(s+1)/(n—s5—1)).

r < d <n—s: In this case the conditional distribution of T1/(n —r —s), given D = d, is
the same as that of
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This fraction has cdf Fi(y;n,0,a) with p =k, g =n—s—d,n=(s—k+1,...,s),
0=((n—-d)/d,...,(s+1)/(n—s—1),anda=d—r.

n—s<d<n-—s+k: In this case the conditional distribution of 77/(n — r — s), given

D = d, is the same as that of
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Here there are two possibilities depending on whether the entries of the (k+1)-dimensional

vector 6 = (s—k+1,...,n—d,n—s,...,d) are distinct or not. If this is the case then
the fraction has cdf Fy(y;n,0 = @,a) withp=k+1,p =6, anda=n—r—s— 1.
If on the other hand there are ¢ > 1 ties (pairs) among the entries of 8, then split it in



two parts and call  the (k + 1 — 2¢)-dimensional vector of the untied entries and 6 the
g-dimensional vector of the tied entries (each taken once). Then, the cdf of the fraction
is F3(y;m,0,\ = @, u = @, a), given in Proposition 5(d), where p = k + 1 — 2¢ and a as

before.

n — s+ k < d < n: Finally, in this case the conditional distribution of 77 /(n—r—s), given

D = d, is the same as that of
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which has cdf Fy(y;n,0 = &,a) withp = k,n = (n—s,...,n—s+k—1) anda = n—r—s—1.
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0 < d < r: In this case the conditional distribution of 71 /(n — r — s), given D = d, is the

same as that of
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whose cdf is Fi(y;n,0 = @,a) withp=k, n=(s—k+1,...,s),anda=n—r—s— 1.

r < d <n —s: In this case the conditional distribution of T} /(n — r — s), given D = d, is

the same as that of
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This has cdf Fi(y;n,0,a) withp =k, qg=d—r,n=(s,...,s—k+1), 0 = (d/(n —

d),....,(r+1)//(n—r—1)),anda=n—s—d.

n—s<d<n-—s+k: In this case the conditional distribution of 77/(n — r — s), given

D = d, is the same as that of
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This has cdf Fy(y;n,0,a =0) withp=k+1,g=n—-r—-s—-1,n=(s—k+1,...,n—
dn—s,....,d),and @ =(n—s—1)/(s+1),...,(r+1)/(n —r—1)). Note that here the

n;’s are distinct.

n — s+ k < d < n: Finally, in this case the conditional distribution of T} /(n—r—s), given

D = d, is the same as that of
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which again has cdf Fy (y;n,0,a) withp =k, ¢=n—r—s—1,n=(n—s,...,n—s+k—1),
and@=(n—s—1)/(s+1),...,(r+1)/(n—r—1)).




4 The exact distribution of T3(n,r, s,n’, k)

Let us now proceed to determine the exact distribution of T3(n,r,s,n’, k) in (3) of the
paper. This distribution is also free of the parameters 1 and o and thus we may again take
without loss of generality ;4 = 0 and ¢ = 1. Moreover, in addition to the random variable
D defined in the previous section, we introduce the corresponding random variable related
to the future sample. So, let D" = #{Y’s < 0}. Obviously, D’ can be taken independent
of D. Below we will determine the conditional distribution of T3 given D = d and D' = d’
for all pairs (d,d’) € {0,1,...,n} x {0,1,...,n'}. If we set P(T3 < t|D =d,D' =d') =
F®)(t|d,d"), then we have

P(T3<t)=F® QW Z Z ( )( > G (tld,d), teR. (1)

d=0d'=

In order to present the conditional distributions of T3 we will further need two inde-
pendent sequences of iid standard exponential random variables which will be denoted by
L), L, ... and R}, R, .... These sequences will be related with the second sample and so
they will be considered independent of the L- and R-sequences introduced in the previous

section. The corresponding spacings will be denoted by L' and R/, respectively.

For further use, observe that conditional on D' = d’ (and D = d),

Y, d ;Cfd’:n/fd/’ d, <k Z]-gid, R, nl—d'» 0< d <k
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0 <d<rand 0<d <k: Whenn =2m—1, the conditional distribution of T3/(n—r—s),
given D = d, D' = d', is the same as that of
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By normalizing these spacings accordingly, we find out that the cdf of the above fraction

is Fy(y;n,0,\, u,a), see Proposition 4(a), withp=k —d', ¢g=r—d+1, h=m—r —1,
n=0W-k+1,....0n=d),0 = n-—r,....n—d), A = (1/m,...,1/(n —r — 1)),



p=((m-1)/m,...,(r +1)/(n —r —1)), and a = m —s — 1. On the other hand,
when n = 2m we have, conditional on D = d, D' = d', T5/(n — r — s) to have the same

distribution as
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This has also cdf Fy(y;m,0,\, p,a) with p, ¢, a, m, 0 as before and h = m —r, A =
(1/2m,1/(m+1),...,1/(n—r—1)) and p = (1,(m—1)/(m+1),...,(r+1)/(n—r —1)).

0<d<rand k <d <n': When n = 2m — 1 the conditional distribution of —T5/(n
r—s), given D =d, D' = d, is the same as that of
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This has cdf F5(y;mn, 0, A, i, a), see Proposition 5(a), with ¢ the number of ties (pairs) in
d=(k,....,d,n—r,....,n—d), 0 the vector of tied entries (each taken once), n the vector
of untied entries, p=d' —k+r—d+2—-2¢, h=m—-r—1, A= (1/m,...,1/(n—r—1)),
p=((m-1)/m,...,(r+1)/(n—r—1)) and a = m — s — 1. When n = 2m, conditional
on D=d, D'=d, —T3/(n —r — s) has the same distribution as
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This has also cdf Fs(y;n,0,\, p,a) with p, ¢, a, n and 6 as before and h = m — r,
=(1/2m,1/(m+1),...,1/(n—r—1))and p = (1,(m—1)/(m+1),...,(r+1)/(n—r—1)).
r+1<d<m-—1and 0<d <k: When n = 2m — 1, the conditional distribution of
Ts3/(n —r —s), given D =d, D' = d, is the same as that of
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This has cdf Fy(y;n,0 = 9, X, p,a), see Proposition 4(b), with p = k —d', h = m — d,
n=mn—-k+1,....0  =d), A=1/m,...,1/(n—=d)), u=((m—1)/m,...,d/(n —d)),
and a =m —1r —s+d— 1. When n = 2m, the conditional distribution of 75/(n —r — s)
given D = d, D' = d’ is the same with that of
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This has also cdf Fy(y;m,0 = &, A\, u,a) with p, a and 1 as before and h = m — d + 1,

r+1<d<m-—-1and k <d <n’: When n = 2m — 1, the conditional distribution of

—T3/(n—r —s), given D =d, D' =d', is the same as that of
Zg L + > Rina
Z?;f(d—z+ 1)L zd+z (d+2_ 1) in— d+2? nifcllJrl(n_d_iﬂ‘l)Ri:n—d
This fraction has cdf F3(y;n,0 = @, X, u,a), see Proposition 5(b), with p = d' + 1 — k,

hem—d = (e d) A= (Um0 —d)), p = (m—1)/m,....d/(n - d))
and a =m —r —s+d— 1. When n = 2m, the conditional distribution of —T3/(n —r —s)

is the same as that of

Z(j 1k+1L/d/+Zz 1 Rin—a+3 IR, d+1n—d
S =i+ DEia+ S+ i = DRinea + X0 g (n—d =i+ DRina’
This has cdf F5(y;m,0 = @, A, u,a) with p, a and n as before and h = m — d + 1,
=(1/2m,1/(m+1),...,1/(n—d)), and p = (1,(m —1)/(m +1),...,d/(n — d)).

d=m#n—sand 0<d <k: For n = 2m — 1, conditional on D = m and D' = d,

T3/(n — r — s) has the same distribution as
Z;:fi/ﬁi, g+ Lim
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This has cdf F3(y;n,0 = @, A\, p,a) withp=k—d, h=1,n=0n —k+1,...,n —d),
=(1/m), p=((m—1)/m), and a = n—r—s—1. When n = 2m, conditional on D = d,

D =d', T5/(n — r — s) has the same distribution as
Zf;ld/ R, n—d lRl m + lLl:m
mLy.m + Yo (m—i+ ) im+ D (n—m—i+ 1)Ri;n,m.
This has cdf Fy(y;n, A, a), see Proposition 6, with p, n as before, A = (1/2,1/2), and

a=n—r—s—2.

d=m#n—sand k<d <n': Whenn =2m-—1, -T3/(n—r—s) given D =m, D' = d/,

has the same distribution as
d'—k+1
_ Zz 1+L;d/_L1m _ )
(m—=1)Liy + Y i (m—i+1)L Zm+zn "(n—m—1i+1)Rin_m
This has cdf Fy(y;m,0 = 9, A\, p,a) withp=d'+1—-k,h=1,n=(k,...,d), A= (1/m),
p=(m-=1)/m),and a=n—r—s—1. When n =2m, —T5/(n —r — s) given D = d,

D = d' has the same distribution as

Z;l 1k+1 L, a:d! + le - lLl:m,
lem+Z£€( — i+ ) zm+znms(n_m_i+1)Ri:nfm
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This has cdf Fy(y;m, A, a) as well with p and n as before, A = (1/2,1/2), and a =

n—r—s-—2.

m+1<d<n-—sand0<d <k: When n = 2m — 1, conditional on D = d and D' = d/,

T3/(n — r — s) has the same distribution as

Zk—d' R/ o d/+zd m+1L
S = d+i = V)Ehia+ X0 o(d—i+ Dlia+ 0 (n—d =i+ 1) Rin-a
whose distribution is Fs(y;n,0 = @, A\, pu,a) with p = k—d, h =d—-m+1, n =
' —k+1,....0 =d), A= (1/m,...,1/d), p = (m = 1)/m,...,(n —d)/d) and a =

n—r—s—d+m—1. When n =2m, T3/(n —r — s) has the same distribution as

SECR o " L+ 5 Lasi-ma
S —d i = DL+ Y (d =i+ DLia + 05T (0~ d — i+ DRina.
This has cdf F3(y;n,0 = I, A\, u,a) with p, h and n as before and A = (1/2m,1/(m +
1),....,1/d), p=(1,(m—=1)/(m+1),...,(n—d)/d),a=n—r—s—d+m—1.

m+1<d<n-—sandk <d <n': Whenn = 2m —1, conditional on D = d and D' = d/,

—T5/(n —r — s) has the same distribution as

d —k+1 d— 1
Zz 1+L;d’_Zz 1m+L )
ST —d + i — 1) Lig + Y ya(d — i+ DLia + X0 (0 — d — i + 1) Rizn—a

This has cdf Fy(y;m,0 = 9, A\, p,a) withp=d' +1—-k,h=d—m+1,n=(k...,d),
=(1/m,...,1/d), p = ((m—1)/m,...,(n—d)/d), and a =n—r—s—d+m—1. When
n=2m, =T3/(n —r — s) given D = d, D' = d’, has the same distribution as
St L;df—Zf_{niid—lidH mid
SEMn—d+i—DLig+ Y00 o (d—i+ D)L+ X0 (n—d — i+ D) Riya

This has cdf Fy(y;m,0 = @, A, p,a) with p, h and n as before, A = (1/2m,1/(m +
1),....,1/d), p=(1,(m—1)/(m+1),...,(n—d)/d),anda=n—r—s—d+m— 1.

n—s<d<nand0<d <k: When n = 2m — 1, conditional on D = d and D' = d/,

T3/(n —r — s) has the same distribution as

Zk—d/ R, . d/ + Zd m+1L
d—m+1 ; .
D icdomtsio(n —d+i— D) Lig+ Y00 mio(d =1+ 1)Lig

This has cdf F3(y;n, 0, A, p, a) with ¢ the number of ties (pairs) in d = (n'—k+1,...,n'—

d,n—s,...,d), 0 the vector of tied entries (each taken once), m the vector of untied

entries, p=k—d +d—-n+s+1-2¢, h=m—-—s—1, A= (1/m,...,1/(n — s — 1)),



p=((m-1)/m,...,(s+1)/(n—s—1)),and a =m—r—1. Whenn =2m, T3/(n—r—5s)
given D = d, D' = d' has the same distribution as
Zf:_fl/ Rl dﬁZf‘{”LﬁﬁidH m:d
S wsra(n—d+i—=DLia+ 00 (d—i+ D) Lig
This fraction has cdf F3(y;m,0, X, pu,a) with p, ¢, n, @ and a as before and h = m — s,
A= (1/2m,1/(m+1),....,1/(n—s—=1)) p=(1,(m—1)/(m+1),...,(s+1)/(n—s—1)).

n—s<d<nand k<d <n': When n = 2m — 1, conditional on D = d and D' = d’,

—T3/(n —r — s) has the same distribution as
S Ly — S Lia
d—m+1 . F -
Z’i:;itb-i-s-‘rZ(n —d+i-1)Lig+ Zz d-mio(d =i+ 1)Ly
This fraction has cdf F(y; 1,0, A\, p,a) withp=d'+1—k, ¢g=d—n+s+1, h=m—s—1,

n=(k....d),0=(n—s,....d),A\=1/m,...,1/(n—s—1)), u=((m—1)/m,...,(s+
1)/(n—s—1)),anda=m—r—1. When n =2m, —T3/(n—r —s) given D =d, D' =d’

has the same distribution as
D Zdimi' sLavi-ma
Z?;;imsu( —d+i—1)Lua+ 300 ma1(d—1+ V)L
This has cdf Fy(y;n,0,, p,a) with p, ¢, n, 8 and a as before and h = m — s, A =
(1/2m,1/(m+1),...,1/(n—s—=1)), u=(1,(m—1)/(m+1),...,(s+1)/(n —s—1)).

Case s >m

Note that when s > m,

Ts(n,r,s,n' k) =

Yi — [ Yio — X, _s
k:n HMLE _ k:n _ n—smn —log <2( n > (2)

OMLE n—s)
and thus, we actually need to find the distribution of 75 = (Yi.py — Xp—sin)/0OMLE-

0 <d<rand 0<d <k: In this case, the conditional distribution of T3 /(n—r—s), given
D =d, D' =d, is the same as that of

SR g = Y0 Rina
S (A i = DRina
This has cdf Fy(y;n,0, X, p,a = 0), see Proposition 4(c), withp =k —d', ¢=r —d+1,
h=n—-r—s—1,n=0N—-k+1,....0  =d),0=mn—-r,....,n—d), A\=(1/(n —1r —
1),...,1/(s+1),and p=((r+1)/(n—r—=1),....,(n —s—1)/(s + 1)).




0 <d<rand k <d <n': In this case, the conditional distribution of —T5/(n —r — s),

given D = d, D' = d', is the same as that of

S Ly + S Rina
Z?:rd—ds—iﬂ(d +i— )Rz n—d

This has cdf F3(y;n,0,\, u,a = 0) presented in Proposition 5(c), with ¢ the number of

ties (pairs) in = (k,...,d',n —r,...,n — d), 0 the vector of tied entries (each taken

once), 1 the vector of untied entries, p =d' —k+r —d+2—2q and h, X and p as before.

r+1<d<n—sand0<d <k: Here, the conditional distribution of T5/(n —r — s),

given D = d, D' = d', is the same as that of
k—d n—s—d 1
Z R; i/ —d Zz 1 Riin—d
Z?;f(d—zﬂ- ) id i) d(d"'i — DR
This has cdf Fy(y;n,0 = @, A\, p,a) withp = k—d', h =n—s—d, n = (n'—k+1,... ,n'—=d),
=(1/(s+1),....1/(n—=d)), p=((n—s—-1)/(s+1),...,d/(n—d)), and a =d —r.

r+1<d<n—sandk <d <n':In this case, the conditional distribution of —T4/(n —

r—s), given D =d, D' = d, is the same as that of
Z? L+ T Rina )
ST d =i+ 1) Eig + "N d 47— 1) Ry g
This has cdf F5(y;m,0 = I, A\, p,a) withp=d —k+1,n=(k,...,d) and h, A, pu and

a as before.

n—s<d<nand0<d <k: In this case, the conditional distribution of Tg*/(n —r—2s)

given D = d, D' = d' is the same as that of
Zf;d/ ]:2’ g+ Zd n+s+1Ll o
Zglz_g_n+s+2(n —d+1— 1)de

This random variable has cdf F3(y;n,0,\ = &, u = &,a), see Proposition 5(d), with ¢

the number of ties (pairs) in d = (n' —k+1,...,n' —d',n—s,...,d), 8 the vector of tied
entries (each taken once), m the vector of untied entries, p=k —d +d—n+s+1— 2q,
anda=n—7r—s5—1.
n—s <d<nand k <d <n's Here, the conditional distribution of —T% /(n—r—s), given
=d, D' = d, is the same as that of
Zf 1]ngl L; d Z? 1n+$Jrl Lin— a
d—
Zi:;ﬂfn+s+2( —d+i— 1)L
This has cdf Fy(y;n,0,\ = @,u = J,a), see Proposition 4(d), with p = d' — k + 1,

n=(k,...,d)andg=d—-n+s+1,0=(n—s,...,d)anda=n—r—s—1.

10



Caser>m

By the symmetry of the standard Laplace distribution about zero, we have that (Xi.,, ..., X,.4) 4
(—Xnims -+ —X1m) and Vi < =V _pi1ir. It follows that
Y — [
Ts(n,r,s,n' k) = w
OMLE
Yien — Xpi1.
— — k:n r+1:n + 10g ( )
{ ZZ‘:T+1(Xi:n - XrJrl:n) + S(ans:n - XrJrl:n)}/(n - Tr— 5) 2(n - T)
i _Yn’—k-l—l:n’ + Xp—rmn

(00 (X on — Xion) + 85Xy — Xas1n) /(0 — 17 — 5) T log <2(n - 7“))

4 Ts(n,s,r,n',n' —k+1)

by (2). Thus, the distribution of —T3(n,r,s,n’, k) is obtained from the previous case after

switching r with s and replacing k by n’ — k + 1.

Appendix

Lemma 2. Let Uy,---,U, i E) and m = (m,--- ,mp) be a vector of distinct positive
numbers. Then the pdf of >0 U;/n; is given by

Lemma 3. Let Uy,...,U, id £, Vi,..., V id G(2,1) be independent random variables

andm = (n1,...,mp), @ = (01,...,04) be vectors of distinct positive numbers. Then the pdf
of Z§:1 Uj/nj + Z?Zl V;/0; is given by

P, P q 2
i 0; .
s o) =3 (11525 ) (g2 ) e
=1 N TSNS 0i =
i#
<P 9 g \2 P 1 9. 9 -
- - — 9ze0iv 0.
: ( 77i_9j><H‘9i_‘9j> {y (Zni—9j+z'9i—9j>}]e e
J=1 =1 =1 i=1 i=1
i#] i
Proof. See Jasiulewicz and Kordecki (2003). O
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Proof of Proposition 3

We will prove here only part (a); the proofs of the other two parts are similar. Note first

that 23:1 vj/0; +w > 0 for all vq,...,vy,w > 0. Hence, for any y > 0 it holds
q
P(Y >y) = {ZU/n] (Z‘/}-/Hj—i—W)y}
00 a—1_,—w
:/ / / Z (H i )em{23 vt} = Sl w2 g g oy
v1=0 vg=0 F(CL)

Z#J
(by using Lemma 2)

:Z<ﬁln )(HG +ym> 1+zm)“'

Hence, the cdf equals one minus the above quantity as claimed.

Proof of Proposition 4

We will only prove (a); the remaining cases follow similarly. Before proceeding observe
that the set Bs of y’s for which some denominator in the above formula becomes zero is
finite. So, in what follows we will consider only y ¢ Ay U By. The result can be extended

to this set as well by taking the limit due to the continuity of the cdf.
Observe first that

PY >vy) = {ZV/m ZU/H Zh:AiZi>(zh:Mz‘Zi+W>y}
i=1 =1
= P{ ;Vi/nz‘ > ;Ui/‘gi +§;(>\i +yui)Z;i +yW}-

Consider y > 0. Then, > .7 u;/60; + 2?21()\2‘ +ypi)z; +yw > 0 for all positive v’s, 2’s and
w’s. By using Lemma 2, this probability equals

b p a—1,—w
/ / / Z <H i >e77j{231 wi/0i+ 0y ity zitywl o= Nl w2 m Y € 4 s du
uJzJw i1 Ny i — My F(a’)
1#£]
S (0525 () (i
S\ i) Ny Ym0 )\ L (N +ypa) ) (L4 ymg)e
i#]

It can be easily verified that 1 — P(Y > y) is as stated. Let now y € (—pg41, —pe) for

some ¢ € {0,...,h — 1}. Since the ratio A;/u; is strictly increasing in i, we have that

12



Ai +yp; <0 forall ¢ < € and A\; + yp; > 0 for all ¢ > ¢. Write then

q

p h h
P(ng):P{ZVi/nigZUi/9i+Z)\iZi+<Zﬂizi+W)y}
. . . —
—P{ZU/H + Z (i +ypi) Z; ZVz/m Z (N +yui)Z¢—yW}- (3)
=1

i=0+1

Now, >2 v /n; — Zle()\i +ypi)z; —yw > 0 for all positive v’s, z’s and w’s. So, the last
probability equals

I3 13
q+h ath *ﬁj( Zp: vi/Mi— Y (/\Hryui)zfyw) - Zp: vi— 3zt e
H e i=1 i=1 e =1 =1 FidvdZd’lU
2J £+1 1z+1 ﬁ’ (e)
5 (it )(ﬁil T ot
S Nisin Bi — S L Bi/mi )\ L= N+ ypa)B ) (1 —yB;)
Since for any j = £+ 1,...,q + h it holds Hl 1 W = Hf | 525 ﬂ , the result

follows. The proof for the case y € (—o0, —pp,) proceeds similarly with the only difference
that in (3) all Z’s stay in the rhs.

Proof of Proposition 5

We only prove part (a); other cases can be proven similarly. Similarly to the proof of
Proposition 4, we will consider only y ¢ A3 U Bs, where Bs is the finite set of y’s for which
some denominator becomes zero. Again, the result can be extended to any y € (0, 00) due

to the continuity of the cdf.
For ¢ =1,...,h—1 and y € (pg, pe+1)\As U B3, write

¢
P(Y >y) = {ZU/UZ+ZV/9 + Z —Ypi)Zi >Z(yﬂi_)\i)zi+yw}- (4)
i=(+1 =1

Since in this case \; —yu; < 0 for i =1,...,¢, it holds ZZ 1(ypi — Xi)zi + yw > 0 for all
positive z1,...,z¢, w. Moreover, since and \; — yu; > 0 for ¢ = £+ 1,...,h, we may use

Lemma 3 to get that the above probability equals

h+p h+p
// *’Yj{Zle(yui*Ai)ZHryw}_i_
’Yz 9 —

j={+1

q h+p - q 0 2 0.0 ) )
¢ ? —0;{> i1 (Ypi—Ai)zi+yw
Z(H i~ ')(H9i—9j>e s o

Vi — 0



<1+0j[zz:(ym—/\z‘)zz'+yw] - Zp: ‘Hjel _Zqzﬂfﬁj@j)}x

=1 1=0+1

After integration and careful rearrangement of the terms, it can be verified that the last
integral equals one minus the function stated in the proposition. The proofs for y € (0, p1)
[and y € (ppn, 00)] proceeds similarly with the only difference that in (4) all Z’s stay in the
lhs [rhs].

Proof of Proposition 6

The proof proceeds similarly to those of the previous propositions and therefore it is

omitted.

Additional Reference

Jasiulewicz, H. and Kordecki, W. (2003). Convolutions of Erlang and of Pascal distribu-
tions with applications to reliability, Demonstratio Mathematica, 36, 231-238.
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