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Abstract

In this paper, we present a general method which can be used in order to show that
the maximum likelihood estimator (MLE) of an exponential mean 6 is stochastically
increasing with respect to 6 under different censored sampling schemes. This propery
is essential for the construction of exact confidence intervals for 6 via “pivoting the
cdf” as well as for the tests of hypotheses about . The method is shown for Type-
I censoring, hybrid censoring and generalized hybrid censoring schemes. We also
establish the result for the exponential competing risks model with censoring.
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1 Introduction

A standard method for constructing exact confidence intervals for a real parameter 6
based on a statistic 0 is “pivoting the cdf”, or, equivalently, the survival function; see,
for example, Casella and Berger (2002, p. 432). The method is applicable as long as 0
is stochastically monotone with respect to @, that is, Pg(é > x) is a monotone function
of 0 for all x. Assuming without loss of generality that it is increasing, the method then
proceeds as follows: Choose o and ag such that a; +ag = « (for example, a1 = ay = a/2)
and solve the equations Pg(é > éobs) = oy, Pg(é > éobs) =1 — ay for 6. Here, 0, is the
observed value of 6 determined from the given sample. The existence and uniqueness of

the solutions of these equations are then guaranteed by the monotonicity of Pg(é > éobs)
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with respect to 8. Denote by 61, (0ons) < 0u(0obs) these solutions. Then, [01(Oobs ), 0 (Gobs )]

is the realization of an exact 100(1 — )% confidence interval for the parameter 6.

Obviously, the stochastic monotonicity of 6 with respect to 6 is crucial in the above
construction. However, in the literature, a series of papers have been published construct-
ing exact confidence intervals for the parameters of interest by assuming the stochastic
monotonicity of the corresponding MLEs and not being able to show it theoretically but
only observing it empirically. In particular, Chen and Bhattacharyya (1988), Childs et
al. (2003), and Chandrasekar et al. (2004) derived the MLE of the exponential mean 6 as
well as its distribution for different censoring schemes, but they did not provide a formal
proof that these MLEs are stochastically increasing with respect to the parameter 6. In

all these cases, the survival function of the MLE takes on a mixture form

Po(f > z) =Y Py(D = d)Py(0 > z|D = d), (1)

deD
where D is a finite set. They all conjectured that the MLEs are stochastically increasing
and supported it by presenting numerical results for some special cases. They then pro-
ceeded to the construction of exact confidence limits by “pivoting the survival function”.
In this paper, we formally prove that these conjectures are indeed true thus validating the

exact inferential procedures developed by all these authors.

Another useful need for the stochastic monotonicity of the MLE is in the context of
hypothesis testing. Suppose we want to test Hy : 6 < 0 versus Hi : 0 > 6. It is natural
to consider tests of the form 6 > Cu(6p), where Cy(6y) denotes the upper a-quantile of
the distribution of 6 at fo. However, in order for such a test to have desirable properties
such as unbiasedness and monotone power function, the MLE 6 should be stochastically
increasing in 6.

This paper is organized as follows. In Section 2, we present a lemma providing three
conditions which together are sufficient for a survival function of the form in (1) to be
increasing in #. In other words, successive verification of these conditions would imply
that 6 is stochastically increasing in . In the subsequent sections, we apply this lemma in
different censoring scenarios from an exponential distribution. In Section 3, we consider
the case of the usual Type-I censoring as an illustrative example, since the application of
the lemma in this case is quite straightforward. Moreover, this particular result will be
used repeatedly in the sequel. In Section 4, we prove the stochastic monotonicity of the
MLE under hybrid censoring, while in Section 5 we establish the result for generalized
hybrid censoring. Section 6 summarizes the results and discusses some other potential
applications of our approach. In addition, we prove in this section the stochastic mono-

tonicity of the MLE in the setting of exponential competing risks, a result conjectured



earlier by Kundu and Basu (2000). Finally, the technical results needed for verifying the

conditions of the basic lemma are presented in an Appendix.

2 The basic lemma

Suppose that the survival function of 0 has the form in (1). Then, the following lemma
holds.

Lemma 2.1. [THREE MONOTONICITIES LEMMA] Assume that the following hold true:

(M1) For all d € D, the conditional distribution of 0, given D = d, is stochastically
increasing in 0, i.e., the function Pg(é > z|D = d) is increasing in 0 for all x and
deD;

(M2) For all x and 6 > 0, the conditional distribution of é, given D = d, is stochastically
decreasing in d, i.e., the function Pg(é > x|D = d) is decreasing in d € D;

(M3) D is stochastically decreasing in 6.

Then, 0 is stochastically increasing in 0.

Proof. 1t is well-known that if X <g Y, where “<y” means stochastically smaller, then
for any integrable decreasing function g we have E{g(X)} > E{g(Y)}; see Shaked and
Shanthikumar (2007). Therefore, under the assumptions of the lemma, for any 6 < 6’,

Po(f>x) = Y Py(D=d)Pg(f > z|D=d)

deD

> Po(D =d)Py(f > z|D=d) (by M2 and M3)
deD

Z Pg/ Pg/((g > :L‘|D = d) (by Ml)

deD

= Pg/(é > 37)

N

N

as required. O

Hence, a proof of the stochastic monotonicity of 6 with respect to 0 may be completed
in three steps, that is, establishing the three conditions of Lemma 2.1. We will refer to

the above lemma as TML (Three Monotonicities Lemma) in the sequel.

3 Type-I censoring

Type-1I censoring is the most practical type of censoring in that the duration of the ex-

periment is fixed in advance by the experimenter. Specifically, let T > 0 be a fixed time



and let X1,..., X, be iid random variables from an exponential distribution £(6), 6 > 0.
Suppose that the life-test is terminated at time 7', and D denotes the number of observed
failures. Clearly, D is a random variable. By writing down the likelihood, it can be easily
seen that the MLE of 6 does not exist if D = 0. Hence, in order to make inference about
0, we must condition on the event D > 1. In this case, the MLE of 0 is

é:%{iilXi;n+(n—D)T}. )

The conditional distribution of 6, given D > 1, has been explicitly derived by Bar-
tholomew (1963). He then found the mean and the variance of this distribution and used
them in order to make asymptotic inference for 6 via the Central Limit Theorem. Later
on, Spurrier and Wei (1980) used this conditional distribution in order to make exact
inference for #. They stated that “it can be shown that Pg(f > ¢) is an increasing function
of 67, but did not present a proof. The result was formally proved by Balakrishnan et
al. (2002) by using a coupling argument.

Conditional on D > 1, the survival function of the MLE can be expressed as
n
Po(6 > z) => Py(D =d|D > 1)Py(d > 2|D = d), (3)
d=1

and so it has the form in (1) with D = {1,...,n}. Of course, (3) coincides with the ex-
pression of Bartholomew (1963), although this is not clear at first glance. Below, we prove
once more the stochastic monotonicity of 6 with respect to # using TML. Its application
is rather straightforward in this case, and so it will also serve as an illustrative example.
Moreover, this result will be used repeatedly in the following sections. Now, we proceed

to the verification of the three monotonicities.

(M1) Recall that we have to show that the conditional distribution of 6, given D = d, is
stochastically increasing in 6. To this end, note that conditional on D = d, (X 1., ..., Xgn)
have the same distribution as (Z1.q,...,Z4.4), where Z1,...,Zy id EOI(Z < T), ie.,
exponential with parameter 6 but right truncated at T’; see Arnold et al. (1992). Hence,
conditional on D = d, Zil Xin 4 Z‘ij:l Zig = Z‘ij:l Z;. Since the right truncated
exponential distribution is stochastically increasing in # and Z;’s are independent, the

required monotonicity follows immediately.

(M2) Next, we have to prove that the conditional distribution of é, given D = d, is
stochastically decreasing in d. This will be done via standard coupling. For any d €
{1,...,n =1}, let Z1,...,Zq, Zgs1 beiid from E(0)I(Z < T'). Then,

d
{;Zi+(n—d)T}

0|/(D =d) has the same distribution as
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while

d+1
/(D =d+1) has the same distribution as d——i—l{ Zzl Zi+(n—d- 1)T}.

But,

PSP SR | PR

XL Zit (0= T + d(T ~ Zas)
N d(d+1)

>0,

which implies that Py(f > z|D = d) > Py(f > z|D = d + 1) for all z,6 > 0.
(M3) Finally, we should verify that D is stochastically decreasing in 6. However, this is

a consequence of the fact that D has the monotone likelihood ratio property with respect
to 6. This is proven in Lemma A.2(a) (with D, T in the place of D1,T7).

Thus follows the monotonicity of the conditional survival function of the MLE in (3)
for the case of Type-I censoring.
4 Hybrid censoring
4.1 Type-I hybrid censoring

Suppose there are n identical units under test, and that 7" > 0 and r € {1,...,n} are
fixed. In this particular sampling scheme, the life-test stops at the random time T} =
min{ X;.,, T'}. The scheme was introduced first by Epstein (1954). By assuming that the
lifetimes X1, ..., X, are from the exponential distribution £(#), he found the MLE as

D

1

E{ZXi;n+(n—D)T}, ifD=1,...,r—1,
=1

1 T
—{E Xm—i—(n—r)Xr:n}, ifD=r ... n,
,

i=1

D>
I

(4)

where again D = #{X’s < T'}. Chen and Bhattacharyya (1988) derived the exact distri-
bution of the MLE of 6, but this was in a very complicated form. It was simplified later
by Childs et al. (2003) who termed this sampling scheme “Type-I hybrid censoring” since
it shares with standard Type-I censoring the feature that the total time under test is no
more than the pre-fixed time T'. As mentioned earlier, in both these papers, the authors
were not able to prove the stochastic monotonicity of the MLE with respect to 6. Here,

we shall prove this result using TML.



(M1) As already mentioned in the case of Type-I censoring, conditional on D = d,
(X1, .-, Xg:n) has the same distribution as the order statistics (Z1.4, - . ., Z4.q) in a sample
of size d from the right truncated exponential distribution £(6)I(Z < T'). Thus, for any
r € R,
Po(6 > z|D = d) = Pg(wy + Z‘ij:l WqZi.d > T),

where wy = -+ =wyg =1/d and wg = (n —d)T/d for d < r, and wy = -+ = w1 = 1/r,
wp = (n—r+1)/r, wo = wyy1 = - =wg =0, for d > r. Since E0)I(Z < T) is
stochastically increasing in 6, the result follows from Lemma B.1.

(M2) For d < r — 2, the result is the same as that in Section 3. For d = r — 1, let
Z1,...,Zy be iid observations from £(6)I(Z < T). Then,

r—1
(D=r—-1) 2 Til{ZZi+(n—r+1)T}
=1

and
T

g(p=r) 4 %{;Z b (n— r)zm}.

Now,

Til{zz;lZi—l—(n—r%—l)T}—%{ZZT;ZT—i—(n—r)ZT:T}

i1 Zitr(Zew = Ze) + (0= 1) Zpp A r(n— v+ 1)(T — Z;y)
B r(r—1)

which implies the result. Finally, for d > r, the result is obtained by applying Lemma B.2.
(M3) The distribution of D is the same as in Section 3.

> 0,

Thus follows the monotonicity of the conditional survival function of the MLE in (4)

for the case of Type-I hybrid censoring.

4.2 Type-II hybrid censoring

In Type-I hybrid censoring, there is a possibility of observing no failures at all. For that
reason, Childs et al. (2003) proposed an alternative sampling scheme wherein the life-test
terminates at the random time 7% = max{X,.,, T}. This guarantees that at least r failures
will be observed. In this case, the MLE of 0 is given by

1 T
{ZXi:n—l—(n—r)Xr:n}, iftD=0,1,...,r—1,

r ;
=1

D>
I
—~
(@)
SN—

D

1

E{ZXi:n—i—(n—D)T}, ifD=rr+1,...,n.
i=1



Note here that the MLE is always defined, and so D = {0,1,...,n}.

We now proceed to establishing the stochastic monotonicity of 6 via TML.

(M1) For d > r, the stochastic monotonicity of é, given D = d, has already been proved in
Section 3. In order to prove it for d < r, use Lemma B.4 to get that, conditional on D = d,
(X1my -y Xam) and (X410, ..., Xppn) are independent. This implies that, conditional
on D = d, Zle Xg.n and Z§:d+1 Xim + (n — r)X,., are also independent. Moreover,
conditional on D =d, (X1.p,...,X4n) has the same distribution as the order statistics in
a sample of size d from the right-truncated exponential distribution £(6)I(X < T') and
(Xd+1my - - - X)) has the same distribution as the first » — d order statistics in a sample
of size n — d from the left-truncated exponential distribution £(0)I(X > T). Since both
these distributions are stochastically increasing in 6, the stochastic monotonicity of both
sums with respect to 6 follows from Lemma B.1. By their independence, their sum inherits
the stochastic monotonicity.

(M2) For d > r, the situation is the same as in the Type-I censoring case. In order to
prove it for d = r — 1, let Zy,..., Z, be iid random variables from the right-truncated
exponential distribution £(0)I(Z < T) and Y an independent random variable having the
same distribution as the minimum in a sample of size n — r + 1 from the left-truncated
exponential distribution £(0)I(Z > T). (This is in fact the conditional distribution of
X, given d =1 — 1.) Then,

r—1
0/(D=r—1) 4 %{ZZi—l—(n—r%-l)Y}
i=1

and
g(p=r) 4 %{;Z 4 (n—r)T}.

But,

r—1 r
{ZZZ-—i—(n—r—i—l)Y} - {ZZT—i—(n—r)T} =n—r)(Y -T)+Y = Z, >0
i=1 =1

with probability one, since Y > T > Z,. with probability one.

Finally, let us consider the case d < r — 2. Let Z,...,Z441 Y EO)I(Z < T) and



Wi,...,Wy_q4 id £(#), independent of Z’s. Then, we have

{ ZXn +(n— T)Xm}

=1

fl(D=d) =

S|

S| =

Z (Xin =T) + (n =) (Xypun — T)}}

i=d+1

4 1 d r—d

= — Z; —d)T i r.
7{; + )+;W}

The sum of W’s appears above since conditional on D = d, (Xgy1., =T, ..., Xy —T) has

d
{ > Xim+ (n—d)T +
=1

the same distribution as the first  — d order statistics in a sample of size n — d from £(0),
and that 27— Wi, g+ {(n — d) — (r — d)}W,.,, follows a gamma distribution G(r — d, 6).

Similarly,
. 4 1 d+1 r—d—1
(D=d+1) = ;{ZZi+(n—d—1)T+ > W}
=1 =1

Taking their difference (and omitting 1/7), we get

d+1 r—d—1

d r—d
{ZZi+(n—d)T+ZWZ-}—{ZZH—(n—d—l)T—i— > WZ} =Wy q+T—Zgs1 >0
=1 =1 i=1 =1

with probability one. Hence, the condition holds in this case as well.
(M3) It is the same as in the previous cases.

Thus follows the monotonicity of the survival function of the MLE in (5) for the case

of the Type-II hybrid censoring.

5 Generalized hybrid censoring

Both Type-I and Type-1I hybrid censoring schemes have some potential drawbacks. Specif-
ically, in Type-I hybrid censoring, there may be very few or even no failures observed
whereas in Type-II hybrid censoring the experiment could last for a very long period of
time. In order to overcome these drawbacks, Chandrasekar et al. (2004) defined general-
ized hybrid censoring schemes and derived the MLEs of the exponential mean lifetime 6.

However, the stochastic monotonicity of these MLEs was not proved by these authors.

5.1 Generalized Type-I hybrid censoring

Recall the notation of Section 4.1. Now, in addition to T" and r, fix k € {1,...,r — 1}
and terminate the life-test at 77" = max{Xj.,, 17} = max{Xy.,, min{X,.,,T}}. This



censoring scheme guarantees that at least k failures will be observed. If the lifetimes are
from £(0), the MLE of 6 has been derived by Chandrasekar et al. (2004) to be

k
1 .
E{ E Xi:n+(n_k)Xk:n}7 iftD=0,1,...,k—1,

i=1
~ 1 D
6 = 5{2Xi:n+(n—D)T}a ifD=kFk...,r—1, (6)
1

r
_{ ZXM + (n— r)XT:n}, itD>r,
"UA
where again D = {#X’s < T}. There appears to be a misprint in Chandrasekar et
al. (2004) in that in the last case the MLE seems to be defined only for D = r rather than
for D > r.

We could again use TML to prove the stochastic monotonicity of the MLE. However,
all the work has been done in the previous section since actually the above MLE has a
form similar to the MLEs in hybrid censoring. Specifically, for D < r — 1, 6 is exactly
like the MLE in Type-II hybrid censoring case (but with k& and r — 1 instead of r and n,
respectively) whereas for D > k — 1 it is similar to the MLE in Type-I hybrid censoring
case (but with & instead of 1). Hence, the stochastic monotonicity of the survival function

of 0 in (6) may be proved exactly along the same lines.

5.2 Generalized Type-II hybrid censoring

We shall now slightly change the notation and denote T" and D by T} and D1, respectively.
This is because under generalized Type-II hybrid censoring a second time point Ty >
Ty is fixed and the life-test is terminated at the random time 75* = min{7},Th} =
min{max{X,.,,T1},T>}. Under this censoring scheme, it is guaranteed that the total

time under test will be at most T5.

Define Dy = {#X’s < Ty} and Ay = T, — T}. Under exponentiality, the MLE of 6 has
been derived by Chandrasekar et al. (2004) to be

1 (&

D_{ Xi:”Jr("—Dl)Tl}’ if Dy =r,r+1,...,n,

1 =1

1 T

0= ;{ZXiin—'—(n_T)Xr:n}a ifD1=0,1,...,7r—1, Dy >, (7)

=1

1 (&

E{;Xi:nJr(n—DQ)Tg}, if Dy =1,2,...,7—1.



Note that in Chandrasekar et al. (2004) there is a misprint in this case too, in that in the
second line the MLE is defined only for Dy = r rather than for Dy > r

In order to express 6 in (7) in a suitable form for using TML, we introduce an auxiliary
random variable D with pmf
Po(D2 = d)/Pg(D2 > 1), d=1,...,r—1,
Po(D=d)=< Po(Di1<r—1,D3 >71)/Pg(Dy>1), d=r
Po(D1 =d)/Py(D2 > 1), d= S,
where ' is some (irrelevant) value between r — 1 and r. Then, the MLE of 6 can be

expressed as

( D
1 .
B{ZXMJF (n—D)Tg}, ifD=1,...,r—1,
i=1
1 s
(9 == _{ in + (n - 7n)*XvT':TL}, lf D = 7”/, (8)
[
1 (2
5{ > Xim + (n - D)Tl}, iftD=r,...n.
\ i=1
The survival function of # in (8) can be expressed in the form in (1) with D = {1,...,r —

Lr',r...,n}
Before proceeding to verify the three conditions of TML, we need to observe the fol-
lowing facts:

Fact 1. For any any d; =0,1,...,7—1 and = > 0,

A Po(Do = do|D A
Pg(@ > x!Dl = d17D2 >r Z Pee 1322 TQ"l)llz dl)) PG(H > x’Dl = dl,DQ = d2)

do=r
is increasing in #. This will be proved using TML as follows:

(M1.1) Conditional on D1 =dy <r—1,Dy=ds > 7

é - {Zin+ Z Kiom + n_T)Xrn}

i=d1+1
= {Zin+ n_dl T + Z zn_Tl (n_r)(Xr:n_Tl)}
i=d1+1
q 1 r—di—1
= { Z Z; —|— n— d1 T + Z W;. do—dy (n —r+4+ 1>erd1:d27d1 }, (9)
=1 =1
where Z1,..., 2, * £(0)I(Z < Ty) and Wh,..., Wy,_g, = EO)I(W < As), indepen-

dently of Z’s. The sum of Z’s in (9) is stochastically increasing in 6. Using Lemma B.1,

10



we have the same to hold true for the sum of W’s in (9) as well. By the independence of
the two sums, we conclude that the conditional distribution of 8 is stochastically increasing
in 6.

(M1.2) By Lemma B.2, the sum of W’s in (9) is stochastically decreasing in ds.

(M1.3) This is a consequence of Lemma A.2(b).

Fact 2. For any x > 0,

r—1
5 Po(D1 = di|Dy > 1)
Po(0 >x|D1 <r—1,Dy >r1)= E
a Dy 227) = Po(Di <r—1Dy >7)

Po(6 > x|Dy = dy, Dy > 1)

is increasing in 6. Once again, we will use TML to prove this result as follows:
(M2.1) This is exactly Fact 1.
iid

(M2.2) For any d; <7 —2,let Zy,...,Z4,4+1 ~ E(0)I(Z < T1). Conditional on D = dj,
Dy > r, we have

{ZXer Z Xm+(n—r+1)Xrn}

i=d1+1

= {ZX“-L—F n—d1T1—|— Z zn_Tl (n—r—l—l)(Xr:n—Tl)}

i=d1+1

IIO-

r—1—dq
T{ZZ + n_dl T1+ Z Wzn dq (n_r‘i_l)Wrdyndl}v
=1

where W1,..., Wy_q, e (0) but conditional on the event that at least r — d; of them are

less than Ay and are independent of Z’s. Similarly, conditional on D1 =dy + 1, Dy > 7r
the MLE has the same distribution as

di+1 r—2—dy
{ZZ+n—d1—1T1+ Z tnedi—1 T (=T D)W g g 1}

where Wi, ..., W} _, | Ye () but conditional on the event that at least r — d; — 1 of

them are less than Ao and are independent of Z’s. Now,

dq di+1
{ZZz+(n_dl)Tl}_ { Z Zi+(n—d1—1)T1} =T1—Zs41 2 0.

i=1 =1

Moreover, using arguments similar to those in Lemma B.3, we can prove that the sum of
W’s is stochastically larger than the sum of W”s. Indeed, conditional on Wy,,_4, = x

(< Ag), Waun—dys -+, Wn—dy:n—d,) have the same distribution as the order statistics in a

11



sample of size n — d; — 1 from £(0)I(W > z) but conditional further on the event that
at least » — dy — 1 of them are less han A,. The rest of the proof is similar. Thus, the
conditional distribution of the MLE given Di = dy, Dy > r, is stochastically decreasing
in dy.

(M2.3) This is Lemma A.2(d).

Fact 3. For any x,60 > 0,
Po(0 > z|Dy <r—1,Dy >7) < Pg(0 > z|Dy = — 1).

Here, we use once more TML but with a slight variation, where the events {Ds > r} and

{Ds = r — 1} play the roles of  and ¢’, respectively. Before proceeding, note that
r—1
6(0 >x|Dy=r—1)= Y Py(Dy =di|Dy =7 —1)Py(0 > x[Dy = dy, Dy =7 — 1).
d1=0
(M3.1) We want to show that for all d; =0,1,...,7 — 1 and z,0 > 0,
Pg(é > CL‘|D1 =dy, Dy > ’I“) < Pg(é > .T|D1 =dy,Dy=71— 1)

For any d; = 0,1,...,r — 1, conditional on D = d;, Dy =7 — 1, we have

Til{ZXzﬁ Z Xm+<n—r+1>Tz}

i=d1+1

:T—l{ZXZn+ n_d1T1+ Z zn_Tl (n—T’—l—l)Ag}

i=di1+1

r—1—d;
1
ir_1{22+ n—d)Ti+ > Wi d1+(n—r+1)A2}, (10)
i=1
where Zy,...,Zq, < EO)(Z < Ty) and Wi,...,Wy_1_q, < E@O)I(W < As) indepen-

dently of Z’s. On the other hand conditional on D1 = dy, Dy > r, we have

dy r
1
;{Zin'f' Z Xin +(n—r—|— 1)Xr:n}

i=1 i=d1+1

_ {ZXMJF (n—d)T1 + Z - (n—r+1)(Xr:n—T1)}

i=di1+1

||Q~

1 r—1—dq
{ZZ + n_dl T1+ Z VVYZTL d1 (n_r+1)WT—d1:n—d1}a
=1

12



where the Z’s are as before and Wy, ..., W,,_q4, Y (9) but conditional on the event that

at least r — d; of them are less than Ag. This implies immediately that W,_g,.n—a, < Ao
and that the MLE is stochastically smaller than

d1 r—1—d;
1
T_l{ilei+(n—d1)T1+ Z Wi;n_dl—l—(n—r—kl)Az}, (11)

=1

Observe that (10) and (11) differ only in the sum of W’s which in both cases are in-
dependent of the sum of Z’s. Therefore, we will complete the proof if we show that
Z;:llfdl Win—d, <st Zf;llfdl Wir—1-d,- Since Dy ranges from r to n, Z;:llfdl Win—d,
has a mixture of distributions; conditional on Dy = do, it has the same distribution
as Z;:llfdl Wi.dy—d,- By Lemma B.2, these distributions are stochastically ordered, the
stochastically greatest of which corresponding to do = r. Thus, Z::_ll —h Win—d, <st
Z:;ll —d& Wi.r—q,. Further, the latter sum is stochastically smaller than Z:;ll —d Wir—1-d,
and this completes the proof of (M3.1).

(M3.2) Next, we want to show that for any d; =0,1,...,r —2 and z,0 > 0,
Po(B|Dy = di +1,D2 > 1) < Pg(d|Dy = d1, Dz > 7).

But, this has been already proved in (M2.2).
(M3.3) We need to show that Py(Dy = d1|D2 = 1)/Pg(D1 = di|Dy = r — 1) is increasing
ind; €{0,1,...,r —1}. But this is exactly Lemma A.2(c).

We are now ready to apply TML for proving the stochastic monotonicity of the MLE
in (8).

(M1) For d # 1/, the conditional distribution of 0, given D = d, is similar to that in
Type-I censoring. For d = 1/, it is Fact 2.

(M2) Except for the cases d = r—1 and 7/, all other cases are similar to Type-I censoring,.
For d =7 — 1, it is Fact 3. Now, we have to show that

Po(0 > z|Dy <r—1,Dy = 1) > Py(0 > z|Dy = ).

The conditional distribution of é, given D; = r, is the same as of
1 T
—{ZZi—f—(n—r)Tl}, (12)
[N
iid

where Z,...,Z, ~ £(0)I(Z < Ty). On the other hand, the conditional distribution of 6,
given D1 < r—1, Dy > r, can be written as a mixture of distributions as D1 ranges from 0

to r — 1. These are the same distributions encountered in (M2.2) wherein we proved that

13



they are stochastically decreasing in d;, the stochastically smallest arising when dy = r—1.
Hence, é|(D1 =r—1,Dy >r) <g é|(D1 < r—1,Dy > r). Conditional on Dy = r — 1,

Dy >, 6 has the same distribution as

r—1
%{ZZi—i—(n—r—i-l)Tl +(n—7'+1>W1:n—7‘+1}7 (13)
i=1
where W1.,—41 is the minimum in a sample of size n —r + 1 from £(6) but conditional on
the event that at least one observation is less than As. The difference between (13) and
(12) is proportional to T4 — Z, + (n —r + 1)Wi.,—r+1 > 0, and this implies the result.
(M3) Since Py(Dy = d1)/Pg (D1 = dy) and Py(D2 = d2)/Pg (D2 = dg) are both strictly
increasing functions for 6 < @', it turns out that Py(D = d) /Py (D = d) is strictly increas-
ing in {1,...,7 — 1} and {r,...,n}. Moreover, in Lemma A.2(e), it is shown that
Pg(Dy =7 —1) . Po(D1 <r—1,D9 >71) . Po(D1 =)
Po(De=7r—1)  Pg(Di<r—1,Dy>7)  Pg(D;=7)

as required.

Thus follows the stochastic monotonicity of the survival function of the MLE 6 in (8)
in the case of generalized Type-II hybrid censoring.

6 Discussion

In this paper, we have presented a lemma which is very useful in establishing the stochastic
monotonicity of an estimator in situations wherein its distribution can be expressed as a
mixture. By checking the three monotonicities described in this lemma, we were able
to present a formal proof for the stochastic monotonicity of the MLE of an exponential
mean under different types of censored data. In the case of Type-I hybrid censoring,
this monotonicity was in question for nearly two decades since the work of Chen and
Bhattacharyya (1988).

Clearly, TML can also be useful outside the censoring context whenever a mixture

distribution has the required monotonicities. We shall now present such an example.

Kundu and Basu (2000) considered the following model. Let (X1;, X2;),7=1,...,n, be
independent random vectors consisting of independent components such that for j = 1,2
and i = 1,...,n, Xj; ~ £(0;). Further, let X; = min{Xy;, Xo;} and d¢; be an indica-
tor of whether X; < Xo; or X1; > Xs;. Such data arise when n individuals are ex-
posed to two competing risks, so that X; represents the failure time of the i-th individual
and J; indicates its cause of failure. For a known fixed m < n, the observed data are
(X1,01), s (X, 0m)s (X1, %), ..., (Xpn, *). Here, a “«” means that the corresponding

indicator ¢ is unobserved, and so there are n — m unallocated failures.
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Let D be the number of failures due to cause 1. Then, the MLE of 0 is

_m Z?:l X
nD ’

provided D > 1. If no failures due to Cause 1 occurred, then the MLE of 81 does not exist.

a

Here, D is a binomial B(m,p) random variable, where p = 03/(61 + 02), but is restricted
to be at least 1. Kundu and Basu (2000) conjectured that, for fixed 05, 0; is stochastically
increasing in A1, but they could not provide a mathematical proof. However, this result

can be easily proved by using TML as follows:

(M1) Under the above assumptions, » ;" ; X; ~ G(n, 3), where 8 = 6162/(61+62). Hence,
the conditional distribution of 6;, given D = d, follows a G(n,mf3/(nd)) distribution.
Since the scale parameter of this gamma distribution is increasing in 64, the result follows

immediately.

(M2) Similarly, the result follows by observing that the scale parameter of G(n, mf3/(nd))

is decreasing in d.

(M3) The probability of success p of the binomial distribution of D is strictly decreasing

in 01 and this implies that D is stochastically decreasing in 6.

Hence, the required monotonicity result for 0, follows immediately.

Appendix

A Distribution of the number of failures

Let X1,..., X0, Xou1,..., Xy id (), 6 >0, where 1 < r < n. Let T; and T, be some
fixed constants with 0 = Tp < T} < To and A; =T;—T;_1, j = 1,2. Define N; = #{X’s €
(z}',l,z}']} and Dj = #{X’S < ’Ib}, j =1,2. Clearly, (Dl,Dz) = (Nl,Nl + Nz) Then,
the following hold true.

Lemma A.1. (a) The probability mass function (pmf) of (N1, Na) is

n!

o(N1=n1, Ny = no) nilng!(n —ny — no)!

(1 o 67A1/9)n1€7(n7n1)A1/9(1 o eng/G)ng67(n7n17n2)A2/0’ 0 < ny,n9,n1 +ny < n.
(b) The probability mass function (pmf) of (D1, D2) is

n!
Po(Dr =i, Dz = d2) = ST — a1

(1= e~ 21/0)dr o= (n=d)A1 /0] _ o=B2/0ydo—d1~(n—d2)22/0 < 4, < dy < n.

X

(¢) The marginal distribution of D; is binomial B(n,1 —e~Ti/%), j =1,2.
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Proof. The proofs are straightforward. O

Next, we provide some statistical properties of the distribution of (Dq, Dy).

Lemma A.2. (a) The distribution of D; has the monotone likelihood ratio property with

respect to 0, i.e., the ratio lDP:((DTf:_C% is strictly increasing in d for any 0 < 0'. The result
(D=
does not change even if Dj is restricted in some subset of {0,1,...,n}.

(b) For any dy € {0,1,...,n}, the conditional distribution of D, given Dy = dy, has
Pg(Da=d2|D1=d1)
Py (Da=dz|D1=d1)
strictly increasing in do for any 60 < 6'. The result does not change even if Dy is restricted

18

the monotone likelihood ratio property with respect to 0, i.e., the ratio

in some subset of {0,1,...,n}.

Po(D1=d1|D3>r)
9(D1=d1 ‘DQ:T*l)

(c) For any fizedr € {1,...,n} and 0 > 0, the ratio
indy € {1,...,r—1}.

18 strictly increasing

(d) For any fixed r € {1,...,n} and 0 < &', the ratio % is strictly increasing
indy € {1,...,r}.

(e) For any fixzed r € {1,...,n} and 6 < 0', we have

PQ(DQZT‘—:[) < Pg(Dl gT‘—l,DQ 27") < Pg(Dl :’I“)
Po(Dy=7—1)  Pp(Dy<r—1,Dy>7r)  Pyg(D =r1)

Proof. (a) Let D* be any subset of {0,1,...,n}. Then,

Po(D; = d\D; € DY) (U)(1 — e~ Tl)de=(=dTs/0 7 Ty6 1\ d
P@/(Dj = d|D] € D*) x (Z)(l — e_Tj/H/)de_(”_d)Tj/e/ x eTj/e/ —1 ’

which is strictly increasing in d, since (e77/¢ — 1)/(e%5/? — 1) > 1.
(b) Similar to (a), for dy € {di,...,n} ND*,

Po(Dy = do|Dy = dy, Dy € D) Py(Dy = dy, Dy = d) el2/0 _ 1\ %
8 X |\ ——F——
Pg(DQ = d2|D1 =di, Dy € D*) PG’(Dl =di, Dy = dz) eD2/0" _ 1
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(¢) For some positive constants C7 and Cy that do not depend on dy, we have

n

Po(D1 =dy +1|Dy =7 — 1) 1d2:r Po(D1=di+1,Dy =r—1)

g o1 ma ey
- (dy — dy — 1)(n — da)!

do=r
n

PO S M i B ot
N 2 T—l—dl (dg—dl)!(n—dg)!

do=r
"L (r—1—dp)!(eP2/0 —1)%
022( d c})'( d ')
= (da=d)l(n—dy)!
Pg(Dl = d1|D2 2 T‘)
Pg(Dl = dﬂDg =Tr— 1)

(d) Observe that

Pg(Dl = d1 + 1,D2 Z 7“)

n

n!
=2 (dy + D)!(dy — dy — 1)!(n — dy)!

do=r
X(l _ e_Al/G)d1+1e—(n—d1—1)A1/9(1 . 6—A2/9)d2—d1—16—(n—d2)A2/6
eM/0 1 - n!
= dy —d
(di + 1)(1 — e=22/9) dz( 2 1)d1!(d2 —d)!(n — dy)!

2=

X(l - 67A1/9)d1€7(n7d1)A1/9(1 o eng/O)dgfdlef(nfdg)Ag/G
eM/0 1
(di 4+ 1)(1 — e=22/9)

X{ Z daPy(Dy = dy, Dy = d3) — di1Pg(D1 = dy, Dy > 7“)}

do=r

and by Lemma C.1,

Po(Dy=dy +1,Dy >7) _ Y4, d2Pe(D1 = di, Dy = dz) — diPg(Dy = d1, Dy > 1)
Po(Dy =di+1,D9 =2 7) = >4 _, doPg/(Dy = dy, Dy = dz) — diPg/(Dy = d1, Da > 1)’

The right hand side of the above inequality is greater than or equal to W%% if

and only if

> dp—r A2Pg(D1 = dy, Dy = d3) B > tp—r A2Pg/ (D1 = dy1, Dy = d3)
Po(D1 =di,D2 > 1) Po:(Dy =dy, Dy > 1)

=

However, the last difference equals E¢(D3|Dy = di, Dy > 1) — Eg/(D2|Dy = dy, Do > 1)
which is strictly positive by Part (b). Thus, the assertion is proved.
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(e) The second inequality arises from (d), since Py(D; = r) = Po(D1 = r,Dy > r). In

order to prove the first inequality, we will first show that

PG(DQ =7r— 1) < Pg(Dl < T — 1,D2 = dg)

< 14
Po(Ds—r—1) S Py(Ds <r—1,Ds = do) (14)

for any do > r. This, in conjuction with Lemma C.2, will give the result. Observe that

Po(D1 < r—1,Dy =ds)
P@(DQ =T — 1)

Z 0 di!(d2—d ')1( do)! (1 —e€ 1/9)d1€ (n dl)A1/9(1 — @*A2/9)d2*d167(n7d2)A2/9
11(d2—d1)!(n—d2
(r=D)n—r+1)! *U'(TTLL‘ ﬂ“+1)'<1 € 2/6)r le—(n—r 1)T2/6

— AQ/@_ do—r—+1 (n_r+1)'
(e 1) 7(71 — )

XZ (r=1—d)l(r=1\(L=e MONG (1o T\t
(d2 — dy)! dy 1—e T2/0 1 — e—T2/0

_ (D)0 _ drm(n—rﬂ)! (r—1-Y)!
. Y n—da)! O\ (=Y

Ty /6
where Y ~ B(r — 1,1_2_75/9).

this distribution is strictly decreasing in #. Hence, Y is stochastically decreasing in 6.

It is easy to show that the probability of success of

Moreover,
(r=1-@+O _(r=1-y! d-y _(-1-y)
(d2 — (y+ 1) (de=y)! r—1-y  (d2—y)

for dy > r, which means that (7(“ 1= ?ﬁ,) is a strictly increasing function. Thus,

T e Rt X

Now, for any dos > r and 6 < 0, we have

(eAQ/G o 1)d2—7’+1 > (eAQ/G, o 1)d2—7‘+1. (16)
Since (15) and (16) imply (14), the inequality is proved. O

B Some results on order statistics

Lemma B.1. Let X, Y be absolutely continuous random variables with X <4 Y. For any
fized integer n, let Xq,..., X, be independent copies of X and Y1,...,Y, be independent
copies of Y. Then, for any (wo, w1, ..., wy,) € R x [0,00)", we have wo+ Y i wi X <st
wo + D iy wiYin.
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Proof. The assertion is a consequence of the fact that X <q Y implies (X1, ..., Xpm) <st

(Yiin, -+, Yaun); see Belzunce et al. (2005). U
Lemma B.2. Let X1, Xo,... be #id from an absolutely continuous distribution. Then, for
any 1 <r < n, and (wi,...,w,;) € [0,00)", Sy, =Y i_ w; X, is stochastically decreasing
mn.

Proof. This follows from the fact that for all n > 1 it holds (X1my1,-.-, Xnmt1) <st

(X1my -y Xnom); see Zhuang and Hu (2007). U
Lemma B.3. Let X1, X5,... be iid random variables from an absolutely continuous dis-
tribution on a subset of non-negative reals. For any 1 < r <n and (wy,...,w,) € (0,00)",

let Sl == Z:;ll ’wiJrlXi;n,l and SQ == Z;n:l szzn Then, Sl gst SQ.

Proof. Let x be any point in the support of the distribution. Conditional on X., = =,
(Xomy ooy Xpipy-ooy Xnon) has the same distribution as the order statistics in sample of
size n — 1 from the underlying distribution but left truncated at x. Denote by Y a
random variable from this left truncated distribution and recall that X <y Y. By Lemma
B.1, we have Z::_ll Wit1 Xim—1 <st Z::_ll wi11Yjn—1. Clearly, the latter is smaller than
w1x+2§;11 W;41Y;:n—1 Which has exactly the conditional distribution of Ss, given X1., = .
Thus, for any integrable increasing function h, E{h(S1)} < E{h(S2)|X1., = x}. Since
this inequality is true for all z, we have E{h(S1)} < E{h(S2)}, and the required result
follows. O

Lemma B.4. Let X1,..., X, be iid from some absolutely continuous distribution with pdf
f and cdf F. For some fized real T, let D = #{X ’s < T}. Then, conditional on D = d,
the random wvectors (X1.n, ..., Xam) and (Xai1m, .- Xnmn) are independent. Moreover,

conditional on D = d,

(Xlzna cee 7Xd:n)
(Xd-‘,-l:na cee 7XTL:TL)

(Ulzda ey Ud:d)a
(m:n—d’ ey Vn—d:n—d)’

where Ul,...,Udifi\(}f(:p)I(az <T) and Vl,...,Vn_diEf(a:)I(x >T).

o |la
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Proof. The conditional joint density of the ordered sample is
n! H?:1 f(xi)
P(D =d)

n! Ty f(@)

T F(T){1 = F(T)}n—

d .
= {d'll_[lj;((?;l(xl <<z <T)}

X {(n—d)! H %I(T<xd+l < <:cn)}

f(@1,... zn|D=d) = I(ry < <2y KT <41 < < Tp)

I(Q?l<-"<$d<T<$d+1<"'<l‘n)

i=d+1
which proves the required result. ]
C Two useful lemmas
Lemma C.1. For any a,b > 0, the function h(x) = % is strictly decreasing in (0, 00).

Proof. After some algebra, we get the derivative of h(x) to be

W () 1—e @tz ( (g 4 b)a e |
.%'(1 _ efa:):) e(aer)x -1 ear _ 1
Since eyzil is strictly decreasing in y > 0, the result follows. O
Lemma C.2. Leta,ay,...,am, b,b1,..., by be positive real numbers such that a;/b; < a/b,

i=1,...,m. Then, > ;" a;/> 7" b < a/b.

Proof. The proof is straightforward. O
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