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Abstract

In a recent paper by Mao, Shi and Sun to appear in Journal of Statisti-
cal Computation and Simulation, the authors discuss, among other approaches,
the construction of exact confidence intervals for the underlying parameters by
“pivoting the CDFs” of the corresponding maximum likelihood estimators. The
authors assume that this method is applicable without providing the appropri-
ate justification. In this short note the two requirements for the applicability of
this method are discussed, namely, the stochastic monotonicity of the maximum
likelihood estimators and the existence of solutions to the equations defining the
exact confidence interval’s endpoints.
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1 Introduction

Mao et al. (2013) analyze a competing risks model under which n items are exposed to
two independent risk factors. The lifetimes of the n items are considered independent
and under risk factor j they follow an exponential distribution with mean 6;, denoted
by £(0;), 7 = 1,2. If X;; denotes the lifetime of item ¢ under factor j, then this
item fails at time X; = min{Xj;;, X;2}. By the independence of the factors and
the properties of the exponential distribution, X; ~ £(f) where 6 = («9;1 + 9;1)_1.
Hence, the failures to be observed are independent and identically distributed random
variables X1,...,X,, from £(0). Let X, < --- < X,., denote the corresponding
ordered lifetimes. Mao et al. (2013) consider the case where the data are obtained
under a generalized hybrid type-I censoring sampling scheme. This scheme works as
follows. A timepoint T > 0 is fixed in advance as well as two integers 1 <k <r <n
and the experiment runs until the random time Tp = min{max{Xy.,, T}, X;.,}. The

idea behind this scheme is to obtain at least k& and at most r observations while at
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the same time to keep its duration under control. So, it is initially intended to run
until time 7" unless r items have failed before in which case it stops as soon as the rth
failure is observed. If, however, less than r failures have been observed by time T,
then the experiment continues beyond this timepoint until the kth failure is observed
where it is terminated. This scheme has been originally proposed by Chandrasekar et
al. (2004). Let D = >""" | I(X; < T') be the number of items that fail by time 7". Then,
the number of failures observed in the experiment equals sp = min{max{k, D}, r}.
Mao et al. (2013) show that the maximum likelihood estimators (MLEs) of 6y, 02 are
given by
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respectively, where N; is the (random) number of failures associated with risk factor
7, 7 =1,2, and N1 + No = sp. In order the above estimators to be defined it must
hold N; > 1 and Ny > 1. Mao et al. (2013) derive the exact distributions of the
MLESs, conditional on the event N; > 1, Ny > 1. More specifically, the cumulative
distribution function (CDF) of 0; is
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where G(y;a) =T(a)~! [{u*"te "du, y > 0, is the CDF of the gamma distribution
with shape a > 0 and scale 1, I'(+) is the gamma function and sq = min{max{k, d},r}.
The expression in (2) looks slightly different than that given by Mao et al. but it can
be verified that they are equivalent. On the other hand, the CDF of 65 is F (y;02,01),

i.e., (2) but with the two parameters switched.

Mao et al. (2013) discuss, among other methods, the construction of “exact”
confidence intervals for 1 and 6,. These intervals are based on pivoting (i.e., inverting
with respect to the parameter of interest) the CDF (cf. Barlow et al., 1968, or Casella
and Berger, 2002). In particular, the endpoints of the 100(1 — )% “exact” equal-tail

confidence interval for #; are the solutions to the equations
(«9°bs 01 HObS) =1—«/2 and F(ébe;al,éng) = /2, (3)

with respect to 01, where é;?bs is the observed value of éj, 7 =1,2. However, in order
this construction to be meaningful, the equations in (3) must have a solution and
this solution must be unique. Usually, people consider the existence of the solutions

in such problems for granted and make a suitable assumption which guarantees its



uniqueness. More specifically, they assume that the MLE is stochastically monotone
in the parameter which in the current context means that the CDF F(y;601,0s) is
decreasing in 01 for each fixed y and 05 or, equivalently, the tail probability 1 —
F(y;01,09) is increasing in 6, for each fixed y and . This is the assumption originally
made by Mao et al. (2013) and other researchers in the past for similar problems.
Although such an assumption sounds reasonable, it needs to be formally proven. A
method which can be used for this purpose has been developed by Balakrishnan and
Iliopoulos (2009). On the other hand, Balakrishnan et al. (2014) realized that under
several sampling schemes which produce censored exponential lifetimes, there is a
positive probability that the CDF of the MLE can not be inverted in the sense of (3).
They showed further that whenever the MLE assumes a value such that some (or both)
of the equations defining the endpoints of the confidence interval has no solution, the
corresponding endpoint must be set infinite so that the nominal confidence level to

be maintained.

The paper proceeds as follows. In Section 2 the stochastic monotonicity of the
MLE is formally proven by using the approach of Balakrishnan and Iliopoulos (2009).
This guarantees the uniqueness of the solutions of the equations in (3) if they exist.
In Section 3 it is shown that the probability of nonexistence of these solutions is
strictly positive. Numerical results illustrate that its magnitude is quite significant
for some of the configurations used by Mao et al. (2013) in their simulations. The

paper concludes with a discussion.

2 Stochastic monotonicity of the MLEs

The proof that the tail probability of the MLEs is strictly increasing in the corre-
sponding parameters will be based on an application of the Three Monotonicities
Lemma introduced by Balakrishnan and Iliopoulos (2009). According to this lemma,

if the CDF of a random variable Y has the mixture representation

F(y;6) = Y  Py(D = d)F(y;6|D = d), (4)

deD
where D is a finite set, and (M1) the conditional distribution of Y, given D = d, is
stochastically increasing in 6; (M2) the conditional distribution of Y, given D = d,
is stochastically decreasing in d; (M3) D is stochastically decreasing in 6, then Y is

(unconditionally) stochastically increasing in 6.

Below only the stochastic monotonicity of 6, with respect to #1 when 65 is fixed is
proven. The proof of stochastic monotonicity of 65 proceeds similarly. In what follows,
[Y'|D = d] denotes the conditional distribution of the random variable Y given D = d
and the notation X <V is used to state that X and Y have the same distributions.



The right truncated exponential distribution at T is denoted by £(6;T). Moreover,
let W =3P X, + (n — sp)Tp be the numerator of 0, and note that, conditional
on D = d, it is independent of N;. Indeed, following Mao et al. (2013), let Z; =1 or
0 according to whether X; = X;; or X;o. By the independence of X;1, X;o and the
properties of the exponential distribution it follows that [X;|Z; = j] 4 X;. Hence,
the random variables Xi,...,X,, are independent of Z1,..., 7, and consequently,
conditional on D = d, W is independent of N1 = > ">P, Zljn), Where Z;.1 is associated
with Xj.,. Finally, in order to simplify the presentation, let Uy,...,U, e (0;7),
Vi,...,Va Ye (f) denote mutually independent random variables which are also
independent of D and Nj. Also notice that they all are stochastically increasing in 6

and since 0 is stictly increasing in #; they are stochastically increasing in 61 as well.

The proofs of the three monotonicities follow.

(M1) When d < k — 1, condition on D = d and write

d k
W = I:ZXZ” + (n - d)T] + [ Z (in - T) + (n - k)(an - T) ’ (5)
=1 1=d+1

where, by convention, Z?:a Ximn = 0 whenever a > b. By the block conditional
independence of order statistics (cf. Iliopoulos and Balakrishnan, 2009), conditional
on D = d, the random vectors (X1i., ..., Xagn), (Xagt1m,--., Xgn) are independent.
In particular, when d > 1, [(X1m,...,Xan)|D = d] 4 (Ur.dy---,Ugq), while (for
alld < k—1) [(Xastn = Tovos Xpm = T)D = d] & (Vin—ds - Viedin_q). Since
S Usa = S8y Ui and i Vi g+ {(n = d) = (k = d)}Vigna = Y1V
(cf. Arnold et al., 2008), we have [W|D = d] £ 3L Uig+ (n— d)T + 50 Vi g +
n—k)WVi—gn—d 4 Zle Ui+ (n—ad)T + Zf:ld V; which is the sum of independent
random variables that are stochastically increasing in #; and a constant, hence the

conditional distribution of W given D = d is stochastically increasing in 6.

For k < d < r—1, conditional on D = d, we have W = Z‘ij:l Xin+(n—d)T. Since

d d
(X1 ooy Xagon)|D = d] = (U, - . ., Ugeg) we have [W|D =d] <S4 U + (n— d)T
hence the conditional distribution of W given D = d is stochastically increasing in 6

for such d too.

Xy

r
1
1Uz'r

For r < d < n, conditional on D = d, we have W = >/ | X;,, + (n —
d d _
Then, [(X1p,..., Xpn)|D = d] = (Urgy ..., Upg) and so [W|D =d] = > /7

(n —r + 1)U,., which is also stochastically increasing in 6.

mne
+

Finally, conditional on D = d, N; follows a binomial distribution B(sg, p(61,602)),
where p(01,02) = 02/(01 + 62), but doubly truncated to the set {1,...,sq4 —1}. Since
this truncated distribution has the monotone likelihood ratio property with respect
to p(1,02) which is strictly decreasing in 6q, N; is stochastically strictly decreasing

in ;. Therefore, conditional on D = d, 1/N; is stochastically increasing in 6;.



Hence, for any d, [,|D = d] is stochastically increasing in 6, because it has the
distribution of the product of two independent, strictly positive, random variables

which are stochastically increasing in 6;.

(M2) The proof of this stochastic monotonicity is based on standard coupling. Con-

sider first d < k — 1. From the analysis in the previous subsection it turns out

that (01D = d] £ {4, Ui+ (n — )T + S8V} Ny and 11D = d+1] £

(Yt —|—(n—d—1)T—i—Zk 41 V;1 /Ny But

d k—d d+1 k—d—1

zgl ( ) z; _z;l ( ) z; _Veat+ T = Uin -0
M M N

almost surely, and this implies that [f;|D = d] decreases stochastically in d for d <
k—1.

Let now k < d < r — 2. In this case, [f1|D = d] 4 {Zf Ui+ (n—d)T} /Ny,
011D = d+1] { S U+ (n—d—1) )T} /N{, where N{ equals either Ny or Ny + 1
according to whether the additional random variable Uy is associated to the risk

factor 2 or the risk factor 1, respectively. In any case,

d d+1
SU+n—-a)T > U+ (n—d-1)T
i=1 i=1 T — Ui
_ > >0
N1 N{ Nl
almost surely, thus [é |D = d] keeps decreasing stochastically in d for these d’s too. For

d=r=1,[01D = d] £ {12 Ui+ (n—r+1)T} /Ny = { Y02 Uper 1+ (n—r+1)T /N,
and [0,|D = d+1] < {Zz‘:l Uiy + (n — 7)Upy } /N{ where N = Ny or Ny + 1 as
above. Clearly, { 7, Ui + (n — 1)Uy } /N < {02 Upy + (n =7+ 1)T} /Ny By
Zhuang and Hu (2007), (Urams - Un—1:m) <st (Utam—1,- -+ Un—1.m—1) (with respect
to the multivariate stochastic order) for all m > 2. So, by taking m = r, this implies
that [01|D = 7] <g [1|D =7 —1].

Finally, for r < d <n—1, [04)D = d| £ {1, Uia + (n — 1)Upa} /N1, [61]D =
d+ 1] 4 { Yoi 1 Uiayr + (n — r)U,n;dH}/Nl. Using once more the result of Zhuang
and Hu (2007) with m = d + 1 and considering only the first r entries of the two
random vectors we get that (Upgy1,...,Urar1) <st (Urd,--.,Upq). This implies
that [6;|D = d] is stochastically decreasing in d for d > r as well.

Hence, [éllD = d] is stochastically decreasing in d € {0,1,...,n}, i.e., the second
stochastic monotonicity is also established.

(M3) The establishment of this stochastic monotonicity is straightforward since D

has a binomial distribution B(n,1 — e~1/%) T/

and the probability of success 1 — e~
is strictly decreasing in 6. Hence D is stochastically decreasing in #; and the third

monotonicity holds too.



Thus, all required stochastic monotonicities hold and this establishes the stochastic

monotonicity of 6, with respect to 6.

3 On the existence of the solutions

Recall the expression of the CDF of 6; in (2). Note first that for any y > 0, all terms
corresponding to d, j with n —d + j > 0 converge to zero as #; | 0 since in this case
e~ (n=d+5)(1/01+1/02)T" _, () and everything else involved in the corresponding term is
bounded. The only case where n — d 4+ j = 0 corresponds to d = n, 57 = 0. Then

sq = r and the corresponding term equals

r—1 )97‘ 102 1 1
Gl|—+—)iy;r].
; 01+ 02)" — 03 ((91 +92>1y’r>

It can be easily verified that as 67 | 0, all terms of the above sum for ¢ < r — 2

converge to zero while the term corresponding to ¢ = r — 1 converges to one. Hence,
lim F(y;01,05) =1
6110 (y;01,02)

for all y and 05. On the other hand, as #; T oo, we have the limits e~ (n—d+5)(1/01+1/62)T _,
e~ G( 4+ &) iy — (0 — d+ )T} sa) — G(Z T ) and

cooe, 1 ien,
(01 + 02)%¢ — 077 — 65 0, i>1.

It follows that for any y > 0,

hm Fy: 01,05) = ZZ < >< > (nd+j)T/92G<y_(n ;2d+‘7)T;sd).

d=0 j=0

Now, limg, 100 F'(y;01,02) is continuous in y with limy | limg, 1o F'(y;01,602) = 0 and

lim lim F(y; 61, 65) ~(n—d+5)T/62
i i 0.0 = 3509 (1) (4)e

d=0 j7=0
" /n d d
_ ~(n—d)T/02 N (1)) —4T/02
> (o) e ()

n

_ Z (Z) e~ (=dT/02 (1 _ o=T/02)d _ 1,
d=0

Thus limg, 100 F'(y; 01, 602) may assume any value in the interval (0,1), depending on y

and 6. Since the support of §; is the whole interval (0, 00) (see Table 1), it turns out



that for any o € (0,1) and 3 > 0 there exists ya,g, With Py, g,(61 > yag,) > 0, such
that whenever 69 > v, 9, at least one of the equations in (3) (with 65 in the place of
05>%) has no solution. Recently, Balakrishnan et al. (2014) noticed that such a situ-
ation arises quite often in the analysis of exponential lifetimes based on experiments
that run subject to time constraints. They further showed that in situations like this,
whenever the solution of an equation does not exist the corresponding endpoint must
be replaced by infinity in order the nominal confidence level to be maintained. This
implies that when at least one endpoint is not defined with positive probability then
the resulting exact confidence interval has infinite expected length. Moreover, when

both endpoints are not defined the confidence interval results in an empty set.

Nevertheless, here 05 is unknown and must be replaced by the observed value of its
MLE (or some other reasonable estimate). From (1) it is apparent that 0y = N16; /Ny.

Hence, the actual equations that must be solved for #; are of the form

F(y;01,n1y/n2) =, (6)

where y,n1,no are the observed values of éi’bs,Nl,Ng and vy =1— «a/2 or a/2. As
shown before, for any values of y and 6y the limit of F(y;01,02) as 6 | 0 equals 1.
On the other hand, as 6; T oo the limit of F(y;61,n1y/n2) becomes

S8 (5) () ermena (G ). o

d=0 j=0

By the stochastic monotonicity of 6, with respect to 0y it is clear that whenever this

limit exceeds (or is equal to) -, the equation in (6) has no solution.

Table 2 shows the range of the limit in (7) for some configurations of (n, r, k) which
have been used in the simulations presented in Mao et al. (2013), for several values d
and n; = 1. In almost all of them the equation in (6) has no solution for v = 0.025 and
so if N1 = 1 is observed then the upper endpoint of the 95% exact confidence interval is
not defined. As a consequence, the corresponding confidence interval for 6; has infinite
length. Note that in some cases the limit also exceeds .975 in which case instead of
a confidence interval we get an empty set. For instance, consider the configuration
(n,r, k) = (20,16,8) and suppose that we observe D > r = 16, N3 = 1 and 0 close to
nI" which in this case is its maximum possible value; see Table 1. Then the limit in
(7) becomes larger than .975 which means that the equation in (6) has no solution for
both v = .025 and .975. On the other hand, for these particular configurations the
limit of F(y;601,n1y/n2) as 61 T oo when ny > 1 is almost zero for all y > 0 (yet still
positive) and thus (6) can be solved for any reasonable value of «. Table 3 shows the
corresponding probabilities that Ny = 1 for (61,62) = (5,2) and (7,3) and T'=1,2,4
which are the values of (f2,6;) and T originally used by Mao et al. (2013) in their



simulations. We can see that for the two first configurations this probability is quite
high especially when T'= 1. In particular, when (n,r, k) = (20,12,6) the probability
that Ny = 1 (and consequently that at least one of the exact confidence interval’s
endpoints is infinite) exceeds 23%. This means that Mao et al. (2013) should have
faced this issue in more than one out of five simulated datasets but apparently they

did not notice that the corresponding equations admit no solutions.

4 Discussion

The stochastic monotonicity of a statistic with respect to the parameter of interest
is necessary for pivoting its CDF in order to obtain confidence intervals for this pa-
rameter. When this stochastic monotonicity does not hold, the resulting confidence
sets may not be intervals and, more importantly, they are unlikely to have the nom-
inal level. Therefore, whoever intends to use the method must first verify that the
required stochastic monotonicity holds. Relying simply to intuition by arguing that it
is reasonable the larger the true value of a particular parameter is the more probable
it will be for its MLE to exceed a given value is not enough. For instance, the MLE
of the scale parameter of a two-parameter exponential distribution is not stochasti-
cally monotone in the scale parameter when type-I censoring takes place (cf. Mitra
et al., 2013). Fortunately, for the model discussed by Mao et al. (2013) the required

stochastic monotonicity holds as is shown in Section 2.

The issue of possible nonexistence of solutions to equations of the form F(y;0) = v
has been discussed only recently by Balakrishnan et al. (2014). Since Barlow et
al. (1968) who formally presented the method of pivoting the CDF until the ap-
pearence of the aforementioned work no one seems to have realized that there is such
a problem. The main reason is that the method is typically used in situations where
the equations can not be solved analytically and everyone thought that the comput-
ers’ occasional inability to return a solution was due to their insufficient precision. In
this respect Mao et al. (2013) are not to be blamed for failing to notice that the equa-
tions in (3) have no solution for some values of the MLEs. Note that Balakrishnan et
al. (2014) concluded that, at least in the context of estimation of exponential mean,
the problem can appear in sampling schemes that run under time constraints like, for
example, type-I censoring, hybrid type-I censoring (Epstein, 1954; Childs et al., 2003)
and generalized hybrid type-II censoring (Chandrasekar et al., 2004). These sampling
schemes involve time constraints since the experiment is terminated at timepoints T,
min{ X,.,,, T}, min{max{X,.,,, T},T"}, respectively, where r < n and 0 < T < T’
are fixed in advance. On the contrary, the problem is not present under type-II cen-

soring, hybrid type-II censoring (Childs et al., 2003) and generalized hybrid type-I



censoring which do not impose any time constraints. In these schemes the experiment
is terminated at X,.,, max{X,.,, T}, min{max{Xg.,,T}, X;.,}, respectively, where
k <r <mnandT > 0. Nevertheless, when competing risks are involved the problem
of solutions’ nonexistence appears under generalized hybrid type-I censoring as well,
as it is seen in Section 3. The common aspect of this context and of the schemes
that run under time constraints is the requirement of at least one observation related
to the parameter of interest in order the corresponding MLE to exist. Therefore it
seems that the problem arises due to this requirement rather than the time constraint

imposed to the experiment.

One may wonder whether it is feasible the construction of “exact” confidence
intervals for 01 (or #3) which have finite expected length. By setting p = 602/60; we
can rewrite the CDF of él as

n sqg—1 d d i
ya‘gla Z Z Z 1—|—p( )(J)( )p € —(n—d+j)(14+1/p)T/61

d=0 =1 j=0 p
1 1) ,. .
G(0—<1+;>{w—(n—dﬂ)T};Sd)’ y > 0.
1

It can be easily verified that for fixed y,p > 0 we have limg, |o F*(y;01,p) = 1 and
limg, 100 F*(y; 01, p) = 0. These limits still hold if p is replaced by the observed value
of its MLE p = Nj/Ny. It turns out that the equation F*(A9";6;,°%) = ~ has
always a solution with respect to #; and thus by solving it with v = 1 — «/2 and
a/2 we get a confidence interval with finite endpoints and thus with finite expected
length. However, simulations show that the coverage probability of confidence in-
tervals based on F*(69P%; 01, 5°P°) may be much smaller than the nominal confidence
level, see Table 4. Therefore the confidence intervals suggested by Mao et al. (2013)
should be preferred even if they have infinite length with positive probability.
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Range of D Range of Ny Range of 6,
de{0,....k—1} me{l,....k—1} ((n—d)T/ny,o0)
defk,....,r—1} nie{l,....,d—1} ((n—d)T/ni,nT/ny)
de{r,...,n} npe{l,...,r—1} (0,nT/n1)

Table 1: Range of 6, for all possible values of D and N;. The union of the intervals
in the last column is (0, c0).

(n,r, k) =(20,12,6) (n,r, k) =(20,16,8) (n,r, k) = (40,24, 8)
d min max d min max d min max
0 3840  .3840 0 4013 4013 0 4013 4013
1 .3839  .3840 3 3937 .4013 5 1888  .4013
2 3762 .3840 4 3431 4013 8 .0103 .4013
3 3081 .3840 5 2282 4013 9 .0088 .5470
4 1681 .3840 6 1167 4013 10 .0077 6761
5 .0662 .3840 7 .0522 4013 11 .0068 .7789
6 .0230 .3840 8 .0218 .4013 12 .0062 .8568
7 .0288 .5543 9 .0236  .5470 16 .0198  .9820
8 .0552  .6993 10 .0308 .6761 17 .0367 .9900
9 1120  .8087 11 .0515  .7798 18 .0633  .9946
10 .1970 .8843 13 1556 9105 20 1510 .9985
11 3032 .9329 15 3306  .9684 22 2840 .9996

>12 4207 .9625 >16 .4319 .9820 >24  .4449 .9999

Table 2: The minimum and maximum values that can achieve the limit in (7) for
selected configurations of (n,r, k) and values of d when ny = 1.

(n,r, k)
(01,0,) T (20,12,6) (20,16,8) (40,24,8)
(G,2) 1 .1602 1457 0136
2 .0877 .0457 .0030
4 .0862 .0296 .0030
(7,3) 1 2327 .1826 .0411
2 .0929 0773 .0032
4 .0722 .0252 .0020

Table 3: Probability of observing Ny = 1 for selected configurations of (n, r, k), (61, 62)
and T
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(n,r. k)

(61,0,) T (20,12,6) (20,16,8)  (40,24,8)
(5,2) 1 971 .801 .959 815 .967 .957
2 950 .868 .948 906 .954 .949
4945 857 944 908 .949 .935
(7,3) 1 969 .747 956 .788 .938 .927
2 962 .866 .950 .881 .951 .938
4 948 872 952 913 954 944

Table 4: Coverage probabilities of confidence intervals of 95% nominal level based
on F(09%%;01,09%%) (left columns) and F*(69";6;, 5°°) (right columns) for selected
configurations of (n,r, k), (01,02) and T, estimated from 2000 Monte Carlo iterations.
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